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Abstract. We present a new approach for solving Weighted Constraint
Satisfaction Problems (WCSP). The method is based on encoding the
violation cost of soft constraints as a pseudo-Boolean objective function,
and successively calling a decision procedure bounding the maximum al-
lowable cost. The novelty of our approach consists in building a Binary
Decision Diagram (BDD) for the objective function, using state-of-the-
art generalized arc-consistent SAT encodings for it. Moreover, with our
approach we maximize the reuse of the BDDs for the objective function
between successive calls to the decision procedure by creating a shared
BDD. The method has been incorporated into the WCSP solving system
WSimply, based on reformulation into SMT, with preliminary encourag-
ing results.

1 Introduction

A Constraint Satisfaction Problem (CSP) is a decision problem where the goal
is to determine whether an assignment of values to a set of variables exists which
satisfies a given set of constraints. It is usually to find CSPs where, additionally
to determine if there exists a solution for the problem, the possible solution has
to minimize or maximize some objective function. These kind of CSP are known
as Constraint Optimization Problems (COP).

Occasionally, some real-world CSP instances have no solution. In such situ-
ations, we can relax the CSP by allowing the violation of a subset of the con-
straints, and try to maximize the number of satisfied constraints. This CSP
variant is known as Maximum CSP (MaxCSP) [18]. Furthermore, there can ex-
ist preferences over which constraints to violate. A convenient way of expressing
these preferences is by giving a weight to each constraint, denoting its violation
cost. The constraints that can be violated (the ones with a non-infinite weight)
are usually called soft, while those constraints that must be satisfied are called
hard. Then, the objective is to find an assignment which satisfies all hard con-
straints and minimizes the aggregated cost of the violated soft constraints [21].
These problems are known as Weighted CSP (WCSP) [20] or, alternatively, as
Cost Function Networks (CFN) [14].
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WSimply [4,6] is a language and system for solving intensionally represented
WCSPs by reformulation into Satisfiability Modulo Theories (SMT) [8], namely,
into SAT modulo Linear Integer Arithmetic (LIA). An SMT formula can be seen
as a generalization of propositional Boolean formula, where some predicates have
predefined interpretations from background theories, and any satisfying assign-
ment has to be compatible with those theories. Leveraging the advances made in
SAT solvers in the last decade, SMT solvers have proved to be competitive with
classical decision methods in many areas, and in particular in CSP solving [5,10].
Most modern SMT solvers integrate a SAT solver with decision procedures (the-
ory solvers) for sets of literals belonging to each theory. For example, variations
of the simplex method are used for dealing with LIA predicates. This way, one
can hopefully get the best of both worlds: in particular, the e�ciency of the SAT
solver for the Boolean reasoning and the e�ciency of special-purpose algorithms
for the theory reasoning.

WSimply benefits from the expressiveness of the SMT language and the per-
formance of current SMT solvers. However, SMT solvers are decision procedures,
and they scarcely support optimization. A few solvers support (weighted par-
tial) MaxSMT [16,15,13], and there is a recent attempt to introduce optimization
into SMT by means of a theory of costs [12]. In WSimply, optimization is imple-
mented by means of successive calls to the decision procedure in several (user
choosable) ways: performing sequential or binary search, or using algorithms
based on unsatisfiable cores like WPM1 [7].

In this paper we extend the WCSP solving capability of WSimply by introduc-
ing a new optimization approach, based on representing the objective function
(generated from the violation cost of the soft constraints) as a BDD [2]. This
allows us to encode the objective function as a pure propositional formula, fol-
lowing the generalized arc-consistent encodings proposed in [1]. This way, we
tighten the link between optimization and the logical structure of the problem,
with the hope of benefiting from crucial capabilities of the underlying solver, such
as conflict driven learning. An interesting aspect of our approach is the reutiliza-
tion of BDDs in successive calls to the decision procedure. Although changing
the bounds of the objective function implies building a new BDD, some parts
can be easily reused. We create a Shared BDD [19], also known in the literature
as Multi-Rooted BDD, keeping all the generated BDDs. This allows not only to
improve the performance of the BDD construction algorithm, but also to keep a
number of learned clauses from the solver, as we reuse the clauses representing
the previous BDDs.

Since the size of BDDs strongly depends on the number of variables involved,
and we use them to represent objective functions encoding the violation cost
of soft constraints, our method is especially well suited for WCSP instances
involving a small number of soft constraints. We provide encouraging preliminary
results on the Soft Balanced Academic Curriculum Problem introduced in [4,6]
and on a WCSP version of the Maximal Density Still Life Problem.

The paper is structured as follows. In Section 2 we introduce the required
background on Weighted Constraint Satisfaction Problems (WCSP). In Sec-
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tion 3 we introduce Pseudo-Boolean constraints and (Reduced Ordered) Binary
Decision Diagrams (ROBDD). In Section 4 we present our method for solving
WCSPs using shared ROBDDs. In Section 5 we study the performance of the
new method and we compare it with the previous ones implemented in WSimply.
Finally, in Section 6 we conclude and propose future work.

2 Solving WCSPs with SMT

The expert reader can skip the first two subsections and directly go to the solving
algorithms described in Subsection 2.3.

2.1 CSPs, WCSPs and COPs

A Constraint Satisfaction Problem (CSP) instance is defined as a triple hX,D,Ci,
where X = {x1, . . . , xn

} is a set of variables, D = {d(x1), . . . , d(xn

)} is a set of
domains containing the values the variables may take, and C = {C1, . . . , Cm

} is
a set of constraints. Each constraint C

i

= hS
i

, R
i

i is defined as a relation R
i

over
a subset of variables S

i

= {x
i1 , . . . , xik} (called the constraint scope) which spec-

ifies the allowable combinations of values for that subset. Usually, the relation
R

i

is represented intensionally as a condition that the assignments to the vari-
ables must satisfy (e.g., x1 < x2). An assignment v for a CSP instance hX,D,Ci
is a mapping that assigns to every variable x

i

2 X an element v(x
i

) 2 d(x
i

).
An assignment v satisfies a constraint h{x

i1 , . . . , xik}, Ri

i in C if and only if
hv(x

i1), . . . , v(xik)i 2 R
i

. A solution to a CSP instance is an assignment to its
variables that satisfies all the constraints. The Constraint Satisfaction Problem
for a CSP instance consists in finding a solution for that instance.

A weighted CSP (WCSP) instance is a triple hX,D,Ci, where X and D
are variables and domains, respectively, as in a CSP. A constraint C

i

is now
defined as a pair hS

i

, f
i

i, where S
i

= {x
i1 , . . . , xik} is the constraint scope and

f
i

: d(x
i1)⇥ · · ·⇥d(x

ik) ! N[ {1} is a cost (weight) function that maps tuples
to its associated cost (a natural number or infinity). Forbidden tuples receive in-
finite cost. The cost of a constraint C

i

induced by an assignment v in which the
variables of S

i

= {x
i1 , . . . , xik} take values b

i1 , . . . , bik is f
i

(b
i1 , . . . , bik). A solu-

tion to a WCSP instance is an assignment to its variables which makes the sum
of the costs of the constraints minimal. The Weighted Constraint Satisfaction
Problem for a WCSP instance consists in finding a solution for that instance.

In this paper we assume to deal with weighted constraints (c, w(c)), where c
is a constraint as defined for a CSP and w(c) is the cost corresponding to its fal-
sification, which can be a natural number or infinity. Note that this corresponds
to an intensional formulation of the definition of cost function given above. We
call those constraints whose associated cost is infinity hard, if otherwise soft.
In this setting, the cost of a variable assignment corresponds to the sum of all
weights of the constraints that are violated under the assignment.

A Constraint Optimization Problem (COP) instance consists of an optimiza-
tion variable O matched to an objective function to be minimized (or maximized)
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subject to the constraints of a CSP instance hX,D,Ci where O 2 X. A solu-
tion to a COP instance is a solution to the CSP instance that minimizes (or
maximizes) the value of the optimization variable O.

2.2 SMT and Weighted SMT

A Satisfiability Modulo Theories (SMT) instance is a generalization of a Boolean
formula in which some propositional variables have been replaced by predicates
with predefined interpretations from background theories such as, e.g., linear
integer arithmetic. For example, a formula can contain clauses like p _ q _ (x+
2  y) _ (x > y + z), where p and q are Boolean variables and x, y and z
are integer variables. A solution to an SMT instance is an assignment that
satisfies the formula. Predicates over non-Boolean variables, such as linear integer
inequalities, are evaluated according to the rules of a background theory [8]. As
in the CSP case, we can extend SMT to weighted SMT (WSMT) as follows.

A weighted SMT clause is a pair (C,w), where C is an SMT clause1 and w is
a natural number or infinity (indicating the penalty for violating C). A weighted
SMT formula is a multiset of weighted SMT clauses

{(C1, w1), . . . , (Cm

, w
m

), (C
m+1,1), . . . , (C

m+m

0 ,1)}

where the first m clauses are soft and the last m0 clauses are hard. The optimal
cost of a formula is the minimal cost of all its assignments. An optimal assignment
is an assignment with optimal cost. The WSMT problem2 for a WSMT formula
is the problem of finding an optimal assignment for that formula.

2.3 Solving WCSPs

Now we describe the reformulations and solving procedures of WSimply that are
relevant for the present work. We remark that in this paper we assume that costs
of soft constraints are constant natural numbers.3

The input of WSimply is a WCSP instance written in the WSimply language
(we refer the reader to [9,6] for details). This is reformulated (according to a
command line option indicating the solving method) either as a COP or as a
WSMT instance:

– When reformulating a WCSP instance into a COP instance, each soft con-
straint C

i

with weight w
i

is replaced by the following constraints:

C
i

! (o
i

= 0) (1)

¬C
i

! (o
i

= 1) (2)

1 In fact these can be general SMT formulas, not necessarily disjunctions of literals.
2 In the literature the weighted SMT problem is also referred to as weighted MaxSMT,
same as in the SAT formalism. We prefer to talk about WSMT because it is closer
to WCSP.

3 In WSimply costs can be defined by a linear integer arithmetic expression.
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where o
i

is a fresh (pseudo-Boolean) variable reifying the violation of C
i

.
Secondly, the objective function is defined by introducing a fresh integer
variable O to be the aggregation of violation costs, with the constraint:

O =
mX

i=1

w
i

⇤ o
i

(3)

The variable O is the variable to be minimized in the resulting COP. Original
hard constraints are kept without modification.

– The reformulation of a WCSP instance into a WSMT instance is trivial: each
soft constraint C

i

with weight w
i

is replaced by the WSMT clause (C 0
i

, w
i

)
where C 0

i

is the translation of C
i

into SMT as described in [9] (recall that
our method is based on translation of CSPs into SAT modulo linear integer
arithmetic). Finally, hard constraints are replaced by their equivalent hard
SMT clauses.

Once the WCSP instance has been reformulated, the system can solve it by
means of one of three methods, called yices, core and dico respectively. The
two first methods allow to solve WSMT instances, while the last one allows to
solve COP instances:

– The yices method uses an algorithm that performs a sequence of satisfiabil-
ity checks until the optimum is found. It is the default Yices [16] algorithm
for solving WSMT (WSimply is built on top of Yices). This algorithm is not
exact since Yices defines a maximum number of iterations for the search.4

We are not aware of any document describing the procedures used there.
– The core method is an implementation, introduced in [6], of the core based

WPM1 algorithm [7] from the MaxSAT field.
– In the dico method, the system first translates the constraints of the COP

into SMT formulae, and then incrementally calls an SMT solver, bounding
the optimization variable O by adding the unit clause O  K, where K is an
integer constant determined by the system using binary search. Note that
bounding the objective function of a COP which encodes a WCSP instance,
where the weights of soft constraints are natural numbers, results into a
pseudo-Boolean constraint (see Section 3).

3 SAT Encodings of Pseudo-Boolean Constraints using
BDDs

Pseudo-Boolean (PB) constraints [11] are constraints of the form a1x1 + · · · +
a
n

x
n

# K, where the a
i

and K are integer coe�cients, the x
i

are pseudo-
Boolean (0/1) variables, and the relation operator # belongs to {<,>,,�,=}.
For our purposes we assume that # is  and that the a

i

and K are positive.
Under these assumptions, these constraints are monotonic (decreasing) Boolean

4
http://yices.csl.sri.com/language.shtml
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functions C : {0, 1}n ! {0, 1}, i.e., any solution for C remains a solution after
flipping input values from 1 to 0.

A typical data structure to represent Boolean functions is a Binary Decision
Diagram (BDD), which consists of a rooted, directed, acyclic graph, where each
non-terminal (decision) node corresponds to a Boolean variable x and has two
child nodes with edges representing a true and a false assignment to x, respec-
tively. We talk about the true child (resp. false child) to refer to the child node
linked by the true (resp. false) edge. Terminal nodes are called 0-terminal and
1-terminal, representing the truth value of the formula for the assignment lead-
ing to them. A BDD is called ordered if di↵erent variables appear in the same
order on all paths from the root. A BDD is said to be reduced if the following
two rules have been applied to its graph until fixpoint:

– Merge any isomorphic subgraphs.
– Eliminate any node whose two children are isomorphic.

A Reduced Ordered Binary Decision Diagram (ROBDD) is canonical (unique)
for a particular function and variable order. Figure 1 and Figure 2 illustrate,
respectively, a BDD and a ROBDD for the same PB constraint.

x1

x2

x3 x3

x2

x3 x3

01

0 1

0 1 0 1

0

1 0

1

0

1

0

1

2x1 + 3x2 + 4x3  7

3x2 + 4x3  7 3x2 + 4x3  5

4x3  7 4x3  4 4x3  5 4x3  2

Fig. 1. BDD for 2x1 + 3x2 + 4x3  7.

There exist several BDD-based approaches for reformulating PB constraints
into SAT clauses [17]. We focus on the recent work of [1], that proposes a simple
and e�cient algorithm to construct ROBDDs and a corresponding Generalized
Arc Consistent (GAC) SAT encoding for monotonic Boolean functions.

A key point of that ROBDD construction algorithm is the reuse of BDDs,
which is sustained by the so-called concept of PB intervals. Therefore, first of
all we define the concept of PB interval. Let C be a constraint of the form
a1x1 + · · ·+ a

n

x
n

 K. The interval of C is the set of all integers M such that
the constraint a1x1+ · · ·+a

n

x
n

 M , seen as a Boolean function, is equivalent
to C (i.e., that the corresponding Boolean functions have the same truth table).
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x1

x2

x3

01

1

1

10

0
0

2x1 + 3x2 + 4x3  7

3x2 + 4x3  5

4x3  2

Fig. 2. ROBDD for 2x1 + 3x2 + 4x3  7.

For instance, the interval of 2x1+3x2+4x3  7 is [7, 8] since, as no combination
of coe�cients adds to 8, we have that the constraint 2x1 + 3x2 + 4x3  7 is
equivalent to 2x1 + 3x2 + 4x3  8. Since each node in a BDD represents a PB
constraint, we can naturally overload the notion of interval and refer also to
intervals of nodes.

The algorithm of [1] is a dynamic, bottom up BDD construction algorithm,
which keeps the BDD intervals corresponding to the already visited nodes in
layers: for a given variable ordering of a PB constraint, say x1, x2, . . . , xn

, a list
of layers L = L1, . . . , Ln+1 is created. A layer L

i

is a set of pairs of the form
([�, �],B), where B is the ROBDD of the constraint a

i

x
i

+ · · ·+ a
n

x
n

 K for
every K 2 {�..�}. These intervals are used to detect if some needed ROBDD has
already been constructed. That is, if for some node at level i, the ROBDD for
the constraint a

i

x
i

+ · · ·+ a
n

x
n

 K is needed for a given K, and K belongs
to some interval already computed in layer L

i

, then the same ROBDD can be
used for this node. It is important to recall here that ROBDDs are unique for a
given function and variable ordering.

The algorithm first initializes each layer L
i

, with i in 1..n+1, with the pairs
((�1,�1],0) and ([

P
n

j=i

a
j

,1),1). The ROBDD construction procedure has
the following parameters: a PB constraint a

i

x
i

+ · · · + a
n

x
n

 K, the list of
layers L and an index i denoting the current layer.

For instance, following the example of 2x1 + 3x2 + 4x3  7, the algorithm
initializes L with:

L1 =
�
((�1,�1],0), ([9,1),1)

 

L2 =
�
((�1,�1],0), ([7,1),1)

 

L3 =
�
((�1,�1],0), ([4,1),1)

 

L4 =
�
((�1,�1],0), ([0,1),1)

 

Then, the construction procedure is called with 2x1 + 3x2 + 4x3  7, the list of
layers L, and index 1.

The first step of the construction procedure consists in searching in layer L
i

if there exists a ROBDD B for the current K, i.e., if a pair ([�, �],B) with K 2
{�..�} exists in L

i

. If so, the existing pair is returned, otherwise the procedure is
recursively called for the two descendants increasing the index layer to i+1 and
updating the K of the true child to K � a

i

. Once the two descendants’ ROBDD
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are returned a new pair for the layer L
i

is created. If the two returned ROBDDs
are di↵erent, the B of the new pair will be a new ROBDD created from them,
otherwise B will be the returned ROBDD of the children.

Following our example, the algorithm recursively calls the construction pro-
cedure for the two descendants with the parameters:

– True child: 3x2 + 4x3  5, L and 2
– False child: 3x2 + 4x3  7, L and 2

Since the two returned ROBDDs are di↵erent, the algorithm creates a new
ROBDD B1 with pair [7, 8], which will be inserted into L1, resulting in:

�
((�1,�1],0), ([7, 8],B1), ([9,1),1)

 

With the ROBDD constructed, we only have to encode it to SAT. As usual,
the encoding introduces an auxiliary variable for every node. Let v be a node
with selector variable x and auxiliary variable n. Let f be the variable of its false
child and t be the variable of its true child. We only need to add two clauses per
node:

f̄ ! n̄ t̄ ^ x ! n̄

and a unit clause with the variable of the 1-terminal and another one with the
negation of the 0-terminal. Finally, we only have to add a unit clause forcing the
variable of the root node to be true. This encoding is GAC.

Additional details of the BDD construction or the SAT encoding can be found
in [1].

4 Solving WCSPs using Shared ROBDDs

As we have seen in Subsection 2.3, we can use a PB constraint to encode the
objective function of a COP (possibly resulting from a WCSP). Moreover, we
can use a ROBDD to represent this PB constraint and then encode it into SAT,
as a GAC formula.

Our WCSP solving method consists in reformulating a WCSP into a COP,
written in the SMT language, and solving the optimization problem by itera-
tively calling an SMT solver with the problem instance together with successively
tighter bounds for the objective function. This is accomplished by adding the
SAT encoding of the (tighter) PB constraints representing the objective function.

The fact of constructing ROBDDs to represent the PB constraints, using
the same variable ordering and the same coe�cients (we only change the K),
may lead to have isomorphic subgraphs between ROBDDs. When multiple BDDs
have isomorphic subgraphs they can be joined into a single Shared BDD (SBDD),
that is, a BDD with several roots [19].

The key point of our solving method is to construct a SBDD, in our case a
Shared ROBDD (SROBDD), using the ROBDD construction method presented
in Section 3. Note that when the ROBDD construction procedure finishes, in L
we will have all the ROBDD nodes, with their corresponding intervals. Using
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x1

[7, 8]

x2[4, 6]
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x3 [0, 3]
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1
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Fig. 3. ROBDDs and intervals for 2x1 + 3x2 + 4x3  7 (top left), 2x1 + 3x2 + 4x3  3
(top right), 2x1 +3x2 +4x3  5 (bottom left) and 2x1 +3x2 +4x3  4 (bottom right),
illustrating the reuse of previous ROBDDs.

these pairs during the creation of all new constraints to bound the objective
function, it is possible to create a SROBDD.

Figure 3 shows the evolution of the SROBDD representing the bounding
constraint 2x1 + 3x2 + 4x3  K, for K = 7 (sat), K = 3 (unsat), K = 5 (sat)
and K = 4 (sat).

4.1 Optimization algorithm

Algorithm 1 describes our new WCSP solving method. First of all, we reify
the soft constraints, we create a formula ' with the reified soft constraints to-
gether with the hard constraints, and check the satisfiability of '. The function
SMT algorithm returns a tuple with the satisfiability (st) of ' and, if satisfiable,
a model (M) of '. If ' is unsatisfiable then the problem does not have any solu-
tion. Otherwise, we use the solution found to compute an upper bound ub of the
objective function by aggregating the weights of the violated soft constraints,
and set the lower bound lb to �1.
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Algorithm 1 Binary Search Algorithm using Shared ROBDD
Input: 's = {(C1, w1), . . . , (Cn, wm)} , 'h = {Cm+1, . . . , Cm+m0)}
Output: Cost of 's [ 'h or UNSAT

' 'h [ reif soft('s)
(st,M) SMT algorithm(')
if st = UNSAT then

return UNSAT
else

ub sum({wi | (Ci, wi) 2 's and Ci is falsified in M})
end if
lb �1
L init layers('s)
while ub > lb+ 1 do

K  b(ub+ lb)/2c
([�, �],B) construct ROBDD('s,K,L)
root BDD2SAT(B,')
' ' [ root

(st,M) SMT algorithm(')
if st = UNSAT then

lb �

' (' \ root) [ ¬root
else

ub min(�, sum({wi | (Ci, wi) 2 's and Ci is falsified in M}))
end if

end while
return ub

Before starting a binary search procedure, we initialize the list of layers L
using the objective function, i.e., the weights of the soft constraints '

s

, as we
have explained Section 3.

In the first step of the while statement, we determine a new tentative bound
K for the objective function. Then, we call the ROBDD construction method
described in Section 3, with the set of soft clauses '

s

, K and L, being this
last an input/output parameter. This way, L will contain the SROBDD with
all the computed ROBDDs, and may be used in the following iterations of the
search, significantly reducing the construction time and avoiding the addition
of repeated clauses. This procedure returns the ROBDD B representing the
objective function for the specific K in the current iteration.

In the next step we call the BDD2SAT procedure, which generates the SAT
clauses from B, as explained in Section 3, but only for the new nodes. Then
the procedure inserts these clauses into ' and returns the auxiliary variable
associated to the root node of B. This variable is inserted into ' as a unit clause
to e↵ectively force that the objective function has to be less or equal than K.

At this point we call the SMT solver to check the satisfiability of '. If '
is satisfiable we can keep all the learned clauses. Otherwise, we only have to
remove the unit clause for the root node. This way, we will only remove the
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learned clauses related to this unit clause. In addition, we add a unit clause with
the negation of the root node variable, stating that the objective function is not
less or equal than K, i.e., it has to be greater than K.

Finally, we update the bounds of the search using the interval [�, �] of B:

– If ' is unsatisfiable: lb = �
– If ' is satisfiable: ub = min(�, sum({w

i

| (C
i

, w
i

) 2 '
s

, C
i

= false}))

Note that, thanks to the intervals, in fact we are checking the satisfiability of the
PB constraints for several values at the same time and, hence, we can compute
more refined bounds.

Since we have the invariant that the lower bound always corresponds to an
unsatisfiable case, while the upper bound corresponds to a satisfiable case, when
ub = lb+ 1 we are done.

5 Benchmarking

In this section we compare the performance of our new solving method to that
of the methods already existing in WSimply. In particular, we use the following
two problems (and some variants of them) for benchmarking:

– A softened version of the well-known Balanced Academic Curriculum Prob-
lem (BACP), the so-called Soft BACP (SBACP) [4,6]. In the BACP, a num-
ber of courses have to be scheduled in a limited number of periods, balancing
students’ load, and satisfying some prerequisite constraints between courses.
In the SBACP the number of periods is reduced until all instances become
unsatisfiable due to the prerequisites chain, and then the prerequisite con-
straints are considered to be soft. We use the five variants of the SBACP
presented in [4,6] for this performance study.

– The Maximal Density Still Life Problem (Still Life) is to place the maximum
number of live cells in a given board, so that the board configuration is
stable under the Conway’s Game of Life. We have translated this COP into
a WCSP written in WSimply. We have considered the three harder variants
of the problem found in the benchmarks folder of the MiniZinc distribution.5

This COP is well-suited for our purposes because it has a PB optimization
function.

Experiments have been run on an Intel R� CoreTM i5 CPU@2.66GHz, with
3GB of RAM, under 32-bit openSUSE 11.2 (kernel 2.6.31). We use WSimply

with the API of the Yices 1.0.33 [16] SMT solver, with a cuto↵ of 600 seconds
per run. By calling Yices through its API, we are able to keep learned clauses
from previous calls that are still valid.

Table 4 shows the aggregated time per problem variant and solving method.
We consider the solving methods yices, core and dico, already described in
Subsection 2.3, plus the new method using SROBDDs, with two di↵erent variable
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orderings: sbdd where variables in the BDD are ordered from small (root) to
big (leaves) coe�cients, and sbdd� where variables are ordered from big (root)
to small (leaves) coe�cients.

# dico yices core sbdd sbdd�
sbacp 28 95.95 58.94 394.48 (15 t.o.) 12.79
sbacp h1 28 5.68 13.28 544.22 (12 t.o.) 5.99
sbacp h2 28 32.01 35.05 1128.93 (13 t.o.) 10.68
sbacp h2 ml2 28 344.95 153.40 114.29 (19 t.o.) 126.35 94.30
sbacp h2 ml3 28 866.63 741.48 59.42 (24 t.o.) 145.76 258.32

still life 10 160.87 (1 t.o.) 382.76 (1 unk.) 0.87 (4 t.o.) 269.64
still life free 10 553.95 (2 t.o.) 553.33 (3 unk.) 46.86 (3 t.o.) 126.28
still life no border 10 296.77 (1 t.o.) 407.96 (1 unk.) 0.57 (4 t.o.) 220.74

Fig. 4. Aggregated times in seconds for the solved instances of the 5 variants of the
SBACP and the 3 variants of Still Life. The column # indicates the number of instances
per set. The indication (n t.o.) refers to the number of unsolved instances, with a cuto↵
of 600s per instance. The indication (n unk.) refers to the number of instances for which
the solver returned unknown.

In the first three variants of the SBACP and in the Still Life sets, the sbdd
and sbdd� methods are the same because the coe�cients are 1 for all variables
of PB constraints (with an average of 67 variables per PB constraint in the
SBACP and of 30 in Still Life).

In the last two variants of the SBACP the coe�cients are di↵erent. In the
sbacp h2 ml2 set, PB constraints have an average of 312 variables, with coe�-
cients 1 and 246, while in the sbacp h2 ml3 set, PB constraints have an average
of 332 variables, with coe�cients 1, 21 and 5166. In both cases the coe�cients are
stratified, for example, in the sbacp h2 ml2 set, PB constraints have an average
of 245 variables with coe�cient 1 and 67 variables with coe�cient 246.

In these two latter sets of instances of the SBACP, the two distinct variable
orderings for constructing the BDDs result into alternated best performance be-
tween sbdd and sbdd�. In any case, our new solving method with SROBDDs
is clearly the best for all sets of instances (except for sbacp h1 ), the improve-
ment being even clearer in the hardest sets, sbacp h2 ml3 and still life free. It is
worthy to notice that in still life free, dico gives two time outs while yices three
unknowns (recall that the Yices MaxSMT solver is non exact and incomplete).

Finally, the core method has really bad performance for these kind of prob-
lems. This is probably due to the bad quality of the cores found during the
solving process.

We also provide particular comparisons between the sbdd and dico meth-
ods, and between the sbdd and yices methods. Figure 5 shows the comparison
for all the 140 (28⇥ 5) instances of the SBACP variants, where sbdd is able to
solve 104 instances in less time than yices (left), and 100 instances in less time
than dico (right).
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Figure 6 shows the comparison for all the 30 (10 ⇥ 3) instances of the Still
Life variants, where the sbdd method is able to 19 instances in less time than
yices, and yices cannot find a solution in 5 instances (left), and the sbdd
method is able to solve 23 instances in less time than dico (right).
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Fig. 5. Scatter plot of the solving times (in seconds) of the sbdd and yices methods
(left), and of the sbdd and dico methods (right), for the 140 (28 ⇥ 5) instances of
the SBACP. The sbdd method solves 104 instances in less time than yices, and 100
in less time than dico.
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Fig. 6. Scatter plot of the solving times (in seconds) of the sbdd and yices methods
(left), and of the sbdd and dico methods (right) for the 30 (10⇥ 3) instances of Still
Life. The sbdd method solves 19 instances in less time than yices, which moreover
cannot find a solution for 5 instances (marked with a triangle). The sbdd method
solves solves 23 instances in less time than dico.
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We have tried to figure out where is the gain in e�ciency when using BDDs
to deal with the objective function. Therefore, we have analyzed the time spent
per iteration due to SROBDD construction, clauses assertion and satisfiability
checking in the sbdd method, which in general is the best solving method.

Since Still Life instances have in average 30 variables in the PB constraint
representing the bound of the objective function, all of them with coe�cient 1,
and we do binary search when seeking for the optimum, the number of iterations
of the solving algorithm is at most 6 for these sets. A similar behavior appears
for the three first sets of instances of the SBACP. For this reason, we only
illustrate the time analysis for the sbacp h2 ml2 and sbacp h2 ml3 sets, in which
the variables of the PB constraint have bigger coe�cients, resulting in an average
of 13 and 16 iteration steps respectively. Moreover, to see how useful is the usage
of shared BDDs we have also computed the average percentage of node reuse in
the construction of the new SROBDD per iteration.

Figure 7 has two plots showing this analysis for the sbacp h2 ml2 set (top)
and the sbacp h2 ml3 set (bottom). As we can see, the majority of the time is
spent in clauses assertion (this is the di↵erence between the total time and the
others). However, between iterations 5 and 9, in both sets, node reuse raises from
15% to almost 90% and therefore, the clauses assertion time strongly decreases.
Naturally, at the same iterations we can appreciate a decrease on the total solving
time, which in the last five iterations turns to be (nearly) just the time to check
the satisfiability of the instance.

The node reuse behavior is similar for the rest of the instances of the SBACP
and of Still Life, where the coe�cients of the variables are always 1, making the
BDDs very reusable. The only exception with respect to reuse is in the sbdd�
method, which has a high node reuse percentage in the sbacp h2 ml2 set (being
fairly better than the sbdd method on the same set) and a low node reuse
percentage in the sbacp h2 ml3 set. This can be appreciated in Table 4, where
sbdd and sbdd� swap their performance. We want to remark that, for the
sbacp h2 ml3 set, the size of the first constructed ROBDD is very similar for
both the sbdd and sbdd� methods, with an average of 10395 nodes and an
average of 11411 nodes, respectively. But the final SROBDD has in average 66128
nodes for sbdd and of 146791 nodes for sbdd�. Clearly, an important aspect
to study in the future is how to find a good variable ordering for the objective
function in order to get a highly reusable SROBDD.

6 Conclusions and future work

We have presented a new WCSP solving method, implemented in the WSimply

system, based on using SROBDDs to generate SAT clauses representing the ob-
jective function. Although this is a preliminary work, we have shown that the new
method clearly outperforms the previous WSimply solving methods on the two
tested problems. In addition, we have shown how to boost the ROBDD genera-
tion for objective functions taking advantage of previously generated ROBDDs,
more precisely constructing a SROBDD.

��



0 5 10 15

0

50

100

Number of iterations (sbacp h2 ml2 )

R
eu

se
d
n
o
d
es

in
%

0 5 10 15

0

10

20

A
gg

re
ga

te
d
ti
m
e
in

se
co
n
d
s

0 5 10 15

0

50

100

Number of iterations (sbacp h2 ml3 )

R
eu

se
d
n
o
d
es

in
%

0 5 10 15

0

5

10

15

A
gg

re
ga

te
d
ti
m
e
in

se
co
n
d
s

Fig. 7. Average of the percentage of SROBDD reused nodes per iteration (dashed
line), aggregated SROBDD construction time (blue cross line), aggregated SROBDD
construction time plus aggregated check time (red circle line) and aggregated total time
(black triangles line) for the sbacp h2 ml2 set (top) and the sbacp h2 ml3 set (bottom).

As future work we want to study more deeply the e�ciency of our method
on other weighted constraint satisfaction problems and compare it with state-of-
the-art WCSP solvers like toulbar2 [3]. Also, as pointed out, an important aspect
to study is how to find a good variable ordering for the objective function. Al-
though the problem of finding the optimal variable ordering in order to generate
a minimal BDD is known to be NP-hard, we are interested in finding a variable
ordering that maximizes the node reuse through iterations. Another aspect that
could be interesting to explore is to extend the new method to deal with objec-
tive functions with (finite domain) integer variables, using Multi-valued Decision
Diagrams (MDDs) to represent them. Finally we also would like to check the
e�ciency of our new method on weighted MaxSAT and MaxSMT instances.
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