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Abstract ting. This way, a wide range of combinatorial problems

are more naturally and compactly encoded than just us-
We extend the language of signed many-valued clausaling Boolean/multiple-valued clausal forms, and at the same
forms with linear integer arithmetic constraints. In thiayy time take advantage of the best technology that SAT and
we get a simple modeling language in which a wide range of Satisfiability Modulo Theory (SMT) solvers incorporate.
practical combinatorial problems admit compact and natu- A crucial point of our approach is that our modeling lan-
ral encodings. We then define efficient translations from our guage is very simple, and can be efficiently translated into
language into the SAT and SMT formalism, and propose tothe mentioned SAT-based formalisms, as well as to many-
use SAT and SMT solvers for finding solutions. valued SAT solvers and the solvers of the CP community.
In contrast to more expressive languages, the problem of
finding a solution remains decidable.

1 Introduction A suitable option would be to implement a solver for
our language on top of a highly efficient many-valued SAT

Devising efficient and effective techniques for solving solver incorporating the recently developed SAT technol-
challenging combinatorial problems is a very active re- 0gy. This way, the structural information of the domain
search topic in the Constraint Programming (CP) and Sat-could be exploited in both the branching heuristics and the
isfiability Testing (SAT) research communities, and even conflict-based clause learning module, and stronger forms
solver competitions are regularly held as co-located event of consistency could be enforced. Unfortunately, duplicat
of the conferences in these fields. Roughly speaking, CPing all the effort putin contemporary SAT solvers would be
counts with rich modeling languages, and devoted algo-Vvery costly. Therefore, we believe that a good alternative
rithms for global constraints. SAT counts with a simple to build a solver with relatively low cost is to use efficient
standard modeling language, and fully automatic (no tuning and effective encodings from our language into the SAT and
is needed) solvers that are highly competitive on real-word SMT formalisms, and then use, depending on the structure
problems due to the incorporation of powerful techniques of the instance to be solved, either a SAT solver or an SMT
such as watched literals, clause learning, non-chroncdbgi  solver for finding solutions. Hence, in this paper, we first
backtracking and dynamic activity-based variable sadecti  formally define the new language and then efficient trans-
heuristics. lations from our language into the formalism used by SAT

In this paper we present a new problem solving ap- and SMT solvers. To the best of our knowledge, this is the
proach, based on multiple-valued logics, that bridges thefirsttime that a link between SMT and signed clausal forms
gap between CP and SAT, and takes into account the moshas been established, as well as that LIA constraints have
recently developed SAT technology. Our modeling lan- been incorporated into the multiple-valued setting.

guage extends the signed multiple-valued clausal forms we would like to mention two recent works of the CP
with linear integer arithmetic (LIA) constraints. Actugll  community that, together with the existing work in our com-
our language may be seen as the multiple-valued countermynity, have inspired the contributions of the present pape
part of the Pseudo-Boolean formalism in the Boolean set- on the one hand, a recent work [6] proposes to use many-
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solvers in the CP competitions is Sugar [9]. This solver Definition4. An assignment is a mapping that assigns to

translates CP problems into SAT but instead of using trans-every propositional variable an element of the truth value

lations based on literals of the form= 1, it uses literals of ~ set. An assignmenf satisfies a signed litera:z iff

the formz > ¢, which have been widely used in multiple- I(z) € S, satisfies a signed clausgiff it satisfies at least

valued logic and are known as regular literals [4, 5]. Sur- one of the signed literals i@, and satisfies a signed CNF

prisingly, the authors of Sugar ignored all the existingkvor formulaT iff it satisfies all the clauses ih. A signed CNF

on regular literals developed in our community. formula is satisfiable iff it is satisfied by at least one asgsig
This paper is structured as follows. Section 2 defines thement; otherwise it is unsatisfiable.

modeling language. Section 3 defines efficient mappings

from our formalism into the SAT and SMT formalisms. Definition5. Alinear integer arithmetic (LIA) constraintis

Section 4 presents the conclusions and future work. an expression of the forf_" | a;z; ® ¢, where® € {<

, >, =}, cis an integerg, is a non-zero integer, and is a

propositional variable for each(1 < i < m). An assign-

ment satisfies a LIA constraint if the inequality or equal-

i . ) ity ® holds when the propositional variables are instantiated
We first formally define the syntax and semantics of the by the values of the assignment.

many-valued clausal forms considered in our work, and in-

troduce Linear Integer Arithmetic (LIA) constraints. Then pefinition6. A multiple-valued formula with LIA con-
we define our modeling language. straints (MVL-formula) is a set of signed clauses and LIA
constraints. An assignment satisfies an MVL-formula if
it satisfies both all its signed clauses and all its LIA con-

2 Modeling Language

Definition 1. A truth value set, or domainV is a non-

empty finite set{iy,i2,...,i,} wheren € N. The cardi- straints
nality of N is denoted byN|. A total order< is associated '
with V. Our new modeling language is the language of MVL-

formulas. Notice that it may be seen as the multiple-
valued counterpart of the Pseudo-Boolean formalism in the
Boolean setting.

For the sake of simplicity, we assume that, unless oth-
erwise stated, all the propositional variables have theesam
domain. Extending our results to the case in which every

variable has a different domain is straightforward. We also gxample 1.A magic square of order is an arrangement of
assume that domains are of the fofin 2, ..., [N[}. theintegers, 2, ..., n%in annxn matrix in such a way that
then numbers in all rows, all columns, and both diagonals
sum to the magic consta = n(n? + 1)/2. If we would
like to find a magic square of order 3 in our formalism, we
should find a satisfying assignment for the following MVL-
formula over the domaiv = {1,2,...,9}:

Definition 2. A sign is a subset of the truth value set. A
signed literal is an expression of the foshz, whereS is

a sign ande is a propositional variable. The complement
of a signed literalS:z, denoted byS:z, is (N \ S):z. A
signed clause is a disjunction of signed literals. A signed
CNF formula is a conjunction of signed clauses. s =1V.. . Vay;=1V.. Vag=1

. =2V ... Vaiy =2V...Vrss =2
Definition 3. Given a truth value se¥ and a valué; € N, fC“ Tij _ 33 _

a signS is regular if it is either of the forr{i € N|i > i)}

or of the formN \ {i € N|i > ix}. A signed literal is a 11 =9V...Vx;; =9V... Va3 =9
regular literal if its sign is regular. A sigh is monosigned Z11 + 212 + w13 = 15
if it is either a singleton (i.e. it contains exactly one trut To1 + Tao + x93 = 15
value) or the complement of a singleton. A signed literal is a x31 + x32 + 233 = 15
monosigned literal if its sign is monosigned. A monosigned Z11 + ®21 + w31 = 15
literal is positive if it is identical tofi) } :«, and is negative Z12 + 22 + w32 =15
if it is identical to {7y } :z. 213 + Toz + x33 = 15
11 + X22 + 233 = 15

In the sequel, we represent regular literals of the form T13 + To9 + 131 = 15
{i € N|i >ix}:x by = > iy, regular literals of the form
N\{i € N|i >ir}:xby—(x > i) orz < i, —1, positive Variable z;; denotes the value of rowand columny,

monosigned literals of the forfi }:x by « = i, negative andl <i,5 < 3.

monosigned literals of the forfi}:z by —(z = i)). With-

out loss of generality, all our signed CNF formulas contain Proposition7. The satisfiability problem for MVL-
only regular and monosigned literals. formulas is NP-complete.



3 Mappings Thinking geometrically, we have that the possible assign-
ments tox; andzs correspond to a square, and the arith-
3.1 Mapping MVL-formulas into SAT metic constraint corresponds to a straight line that divide
the square into two regions: one containing all the goods
We first define the translation of a LIA constraint into and another containing all the nogoods. Hence, the direct

an equisatisfiable Signed CNF formula, and then the trans-€1c0ding amounts to explicitly representall the point&ief t
lation of a Signed CNF formula into an equisatisfiable Sduare thatare in the nogood region. However, we can get
Boolean CNF formula, In this way, solving an MyL- MOre compact representations if a clause encodes an area

formula with SAT amounts to replacing their LIA con- of the nogood region containing several nogoods instead of

straints with their Signed SAT encoding, translating the de encoding exactly one nogood. This is the idea behind our

rived Signed SAT instance into SAT, and feeding the result- ProP0sal to defining a compact encoding of LIA constraints
ing SAT instance to a SAT solver using signed literals. Even when in this paper we focus on

LIA constraints, this geometrical interpretation may léad
more compact Signed SAT and SAT encodings on a wide
range of constraints, and provides evidence of the advan-

We describe a novel Signed SAT encoding of LIA con- tages of using signed literals for modeling combinatorial
straints, and propose to give a geometrical interpretation Problems. _ _ _

encodings in order to produce more compact models. Ob- A regular version of the direct encoding for a LIA con-
serve that a LIA constrain", a,z; ® c over a domain ~ Straint of the forma,zy + agzy < ¢, wherea; > 0 and

N, where® € {<,>, =1, is anm-ary constraint. Since @2 > 0, was definedin [9] as follows:

m > 2, we will start by representing this constraint using

3.1.1 LIA Constraints into Signed SAT

the signed version of well-know direct encoding from CSP /\ (71 > [b—ﬂ Nxg 2 [b—ﬂ)
. a az
into SAT [7]. b +ba=c+1
In the sequel we focus our attention on constraints of the H—ﬂ [Z—ﬂ €N
form >, a;x; < ¢, becaus® " | a;z; > cis equivalent
to Y. " —a;z; < —¢,and)." | a;x; = cis equivalent to In general, for a LIA constraint of the form a1 + - - - +
S e < candd) ) agz; > c. amTm < c, the encoding becomes:
The idea behind the direct encoding is to represent as
clauses the forbidden assignments (hogoods). In the sim- /\ —(zy > [b_ﬂ Ao ATy > [b_mb
plest case, where the arity is 2, if we have a LIA constraint ST bi—ct1 a1 Gm
a1y + asxo < c, we get the following encoding: Tos cN
/\ (1 =01 Az = o) In our example, the generated clauses are:
a1v1 +azvs > c¢
vi,v2 € N _|($121/\$223) _‘(£E122/\IE223)

. ﬁ(.%’123/\.7}222) ﬁ($124/\$222)
For example, the constraint + 2z, < 6 over the do-

mainN = {1,2,3,4} is: Thanks to the regular signs, this regular direct encoding pr
duces fewer clauses than the standard direct encoding with
monosigned signs.

Let us see the geometrical interpretation of the clauses

1 =1Ax0 =4)
)

z1 =3Az2 =3) of the previous regular direct encoding: the clauge; >
)
)

(

(1 =2Az2 =4
(
(

1 =4Nw2 =2 1 A xzo > 3) represents the area containing the no-
~(z1=4A22 =4 goods(1,4),(2,4),(3,4),(4,4),(1,3),(2,3),(3,3), (4,3);

, , the clause-(z1 > 2 A zo > 3) represents the area con-
If we represent the space of all the possible assignments OEaining (2,4), (3,4), (4,4),(2,3),(3,3), (4,3), the clause

x1 andzs in a matrix, and mark witl{v;, v;) the nogoods ~(z1 > 3 A xs > 2) represents the area containifig4),

and with *- the goods, we get: (3,3), (3,2), (4,4), (4,3), (4,2), and the clause(z; > 4A
| r1=1 21=2 ;=3 x1=4 1The authors of [9] do not describe their encoding as a direbaing.
ro=4| (1,4) (2,4) (3,4) (4,4) We present here a reformulation, based on our geometritabietation,
. ’ ’ ’ ’ which shows that their encoding is, in fact, a regular diesetoding. Ifa;
2= (1’3) (2 3) (3’3) (4’3) (a2) is negative, ther; > [Ll-‘ (z2 > [b—ﬂ)should be replaced with
T2 = - - (3,2) (4,2) = g ' V= oy | W2 2 6 p

r2 =1 - - - - z1 < L%J (z2 < L%J)



x2 > 2) represents the area containifig4), (4, 3), (4, 2). Boolean clauses:

Observe that this regular directencoding definesareagofth > |N| & 2>|N|-1 2 =1+ —a2>2

nogood region whose union covers all the nogoods. How- ;> |N|—1 — 2>|N|—2 2 =2 2>2A ~(z>3)
ever, there is a considerable overlap among these areas.

So, we propose a signed encoding (not necessarily regu- ;>3 _, ;>9 v=i¢ a>i A(2>i+ 1)

lar) in which the clauses encode areas of the nogood re- ,.~9 ., ,.~1 ... ............

gion and their union covers all the nogoods but there is no z=|N|—1 2>|N|—1A~(z>|N|)
overlap. To this end, we start by deriving the above regu- z=|N| < 2>|N|

lar encoding. Then, we remove redundant clauses. In our (1)
example, we remove the clause$z; > 2 Az > 3) The clauses on the left encode the order relation while the

and—(z1 > 4 A xz2 > 2) because they are proper sub- cjauses on the right link monosigned and regular literals.
sets of one of the remaining clauses. Nevertheless, after re|t tyrns out that the derived Boolean CNF formula and the
moving redundant clauses, there is yet overlap: the clause$nput signed CNF formula are equisatisfiable.

(1 > 1 Axe > 3)and—(z; > 3 Aaxz > 2) over-

lap in the area formed by3, 4),(4,4),(3,3),(4,3). To 3.2 Mapping MVL-formulas into SMT

overcome this drawback, we will use interval signs. Inter-

val signs allow to remove overlapping areas once redundant An SMT instance is a generalization of a Boolean for-
clauses have been removed. In our example, the encodingnula in which some propositional variables have been re-
would be formed by two clausesi([1,2] : 21 A z2 > 3) placed by predicates with predefined interpretations from
and—([3,4] : x1 Az > 2). In order to have a com-  background theories. For example, a formula can contain
plete encoding in our language we may transform the in- clauses like, e.gpV ¢V (z+2 < y)V(z > y+2), wherep
terval signed literals into a disjunction of monosigned lit andq are Boolean variables, andy andz are integer vari-
erals. Otherwise, we could incorporate interval signed lit ables. Predicates over non-Boolean variables, such as line
erals in our language. In this case, we just have to add,integer inequalities, are evaluated according to the rolles
for every occurring literala,b] : z, the clausal form of  a background theory. Examples of theories include linear
[a,b]:x < x>aN—(x>b+1). real or integer arithmetic, arrays, bit vectors, etc., anbd

We have so far discussed the new encoding for binarynations of them. . .
constraints and its geometrical interpretation, but our ap ~ Formally speaking, éheoryis a set of first-order formu-
proach may also be applied to non-binary constraints. Forlas closed under logical consequence. The SMT problem
instance, for ternary constraints, the space of all posgibl ~ for @ theoryT"is: given a first-order formuld’, determine
terpretations is represented by a cube, and a LIA constraintvhether there is a model Gfu {F'}. o
of the formajz1 + asws + azzs < c is a plane that in- Although an SMT instance can be solved by encoding it
tersects with that cube. To obtain a compact encoding welinto an equisatisfiable SAT instance and feeding it to a SAT
propose to use parallelepipeds represented by clauses of tpsolver, _currentl_y most successful SMT solvers are _based
form —([i, j1] : @1 A [i2, ja] : T2 A 25 > k)2, which are on the integration of a SAT solver andiasolver, that is,
parallelepipeds with width, —i1, heightj —i», and length & decision procedure for. the given thedfy .In.th|s so-
IN| — k. All these parallelepipeds may have different vol- called lazy approach, while the SAT solver is in charge of
ume, and allow to cover the nogood region without overlap. e Boolean component of reasoning, thesolver deals

In the general case, we will have expressions of the formWith sets of atomic constraints iii. The main idea is
([i1s 1] s T A A limets Jmet] Tt A T > k). that theT-solver analyzes the partial model that the SAT

solver is building, and warns it about conflicts with theory
T (T-inconsistency). In this way, we are hopefully getting
the best of both worlds: in particular, the efficiency of the
SAT solver for the Boolean reasoning and the efficiency of
special-purpose algorithms inside thesolver for the the-
ory reasoning. See [8] for a survey on this approach.
Translating signed CNF formulas into satisfiability equiva Among the theories considered in the SMT library [2] we

lent Boolean CNF formulas has been proposed in [1, 3]. It are interested in integer numbers and fixed size bit vectors,
amounts to interpreting signed literals as Boolean liggral  and more specifically in the logics:

and adding, for each propositional variable, the following

3.1.2 Signed SAT into SAT

e QF_LIA: quantifier-freelinear integer arithmetic In
essence, closed quantifier-free formulas with Boolean

2Depending on the type of intersection of the plane and the ciie 3For the sake of clarity, in this paper we sometimes wse> b and
variables containing interval (regular) literals may bfedéent. —=(a A b) instead of their clausal form:a Vv b and—a V —b, respectively.



combinations of inequalities between linear polynomi- 3.2.2 Integer Difference Logic

als over integer variables. . . .
9 Given a signed CNF formula, we translate regular liter-

« QF.IDL: difference logic over the integers. A frag- @IS of the formz >« into the difference logic atom
ment of QELIA where inequalities are restricted to (= % ), and monosigned literals of the form = a into

have the form: —y b beingz andy integer variables, the difference logic atoni= x a). Apart from this transla-
b an integer constantand € {<, <, >, >, =, £}. tions, we must define that each variabldias domainVv:

(and (> x 1) (< x [N])),
e QFBV: closed quantifier-free formulas over bit vec-
tors, with operations such as concatenation, extraction3.2.3 Bit Vectors

and the usual bitwise logical operations. . .
g P We now describe how a signed CNF formula can be en-

Next we describe how to translate an MVL-formulainto coded as an equisatisfiable @ formula. Given a signed

SMT instances using the above logics. For_QRA the CNF formulaF’, for each distinct propositional variabie
translation is direct, whereas for QBL and QFEBV we  and each distinct signed literd} : = with z, we create: (i)
first need to translate the MVL-formula into a signed CNF & Boolean variable:;; (ii) a bit vector variableh,, whose
vector constant,,, of the same length whogeth bit is 1 iff
. . . J € Si.
3.2.1 Linear Integer Arithmetic Next, we define:
QF LIAis alanguage more general than our MVL-formulas  goolean mapping of F as the formula resulting from re-
and therefore it captures such formulas quite naturally. placing each signed literal of the for):z in F with
Zi.
Example 2.The SMT encoding of Example 1 in the SMT-
LIB language v1.2 under QEIA is as follows: Bit vector linking of a signed literal5;:z as the formula:
(benchmar k magi c_seq z; = (bz; = co;) A~y — (by, = (bvnot ¢y, )
:logic QF_LIA
cextrafuns ((x11 Int) (x12 Int) (x13 Int) Non-emptinessof a propositional variable: in F as the
(X21 | nt) (X22 | nt) (X23 | nt) formula:
(x31 Int) (x32 Int) (x33 Int)) (bvand by, ...by, ) #0
:fornul a
(and whereS; :z, ..., S,z are all the signed literals with
(and (>= x11 1) (<= x11 9) in F.
(>= x33 1) ' (<= x33 9)) Then, the conjunction of the Boolean mappingigfthe
(and (or (= x11 1) ... (= x33 1)) bit vector linking of every signed literel;: = in F', and the
L non-emptiness formula of every propositional variable
r (=x119) ... (= x339))) F, gives us a QBYV formula which is equisatisfiable tb'.
(and 15 (+ x11 x12 x13)) Notice that our formulation is valid not only for
15 (+ x21 x22 x23)) monosigned and regular literals, but for all signed literal
15 (+ x31 x32 x33)) S;:x in general, since the bit vector constants explicitly

15 (+ x11 x21 x31))

15 (+ x12 x22 x32)) - - )
15 (+ x13 x23 x33)) Recall from Definition 4 that an assignmehninaps ev

ery propositional variable to an element of the domain,
1 11 x22 ) e X j .
12 E: >>§13 §22 igi; ;) and it satisfies a signed liter&tz iff I(z) € S. Therefore,
) the QEBV formula obtained from a signed formula is
) equisatisfiable td since, for eacly;:x in F':

represent the sigh;.

{1 L e | A B | R | I | @)

AN AN AN AN AN AN AN A

i _ _ e Thej-th bitofc,, is1iff j € S;.
In the above example we can find three sections. The first

one determines the logic to be used. The second one de- e The vector linking formulas guarantee that fe)-th

clares the variables occurring in the formula. The third bit of b, is set tol. Notice thatS;:x has been replaced
one contains the formula, which must not be necessarily in by z; and, when; is true,b,, is equal toc,, (the bit
clausal form. Notice that the first part of the formula con- vector representing;) and, whenz; is false,b,, is

straints the domains of the variables. equal to its complement.



The non-emptiness constraint, for each variahlensures
consistency of (z) with I’ (z;) for all signed literalsS;:z,
wherel’ is a Boolean assignment. Sinoeéand is a bitwise
AND on bitvectors, we are enforcing that, at least for one
k in the domain (includind (z)), thek-th bit of all b, is 1
and, hence, consistency.

Example 3.Let F' be a signed CNF formula of the form
{{1,2}:xVv D1,{1,3}:xV Dy, ...}, whereD;, D, are dis-
junctions of signed literals. Assuming thét,2}:z and
{1, 3}:x are the only signed literals with in F, and that
the domainig1,...,8}, the resulting QEBV formula is:

(benchmark bv. snt

:logic QF_BV

rextrapreds ((x1) (x2) )

rextrafuns ((b_x1 BitVec[8])
(b_x2 BitVec[8])

)
:fornul a
(and
(or x1 ...)
(or x2 ...)
(inplies x1 (= b_x1 bvbi n00000011))
(implies (not x1) (= b_x1 bvbinl11111100))
(inplies x2 (= b_x2 bvbi n00000101))
(inplies (not x2) (= b_x2 bvbinll1111010))

(not (= (bvand b_x1 b_x2) bvbi n0O0000000))

4 Conclusions

We have presented a new multiple-valued modeling lan-
guage that extends signed CNF formulas with LIA con-
straints. Our language allows to model in a natural and com-
pact way a wide range of practical combinatorial problems.

We have defined efficient mappings from MVL-formulas
to both SAT and SMT. We claim that it is better to model

the problems to be solved in our language and then trans-

late them to SAT or SMT. Notice that if we perform a direct
translation from SAT to SMT, we have to treat the SMT

variables as Boolean variables because the domain infor-

mation is lost in the SAT encoding.

Regarding the question of whether it is better to use ei-
ther a SAT solver or an SMT solver, we believe that this
depends on the particular structure of the problem to be
solved. Fortunately, our simple modeling language allows
the translation to both SAT and SMT. We also plan to pro-
vide direct translations into CP solvers.

It is worth noticing that, for the first time, we extended
signed CNF formulas with LIA constraints, and defined

novel encodings from this new language into SAT. Further-
more, we have introduced a geometrical interpretation of
the direct encoding that allows one to produce more com-
pact and natural encodings of LIA constraints when signed
literals are used. We plan to apply this approach to other
constraints, and empirically evaluate the impact of elimi-
nating redundancies. We have also established, for the first
time, a link between signed clausal forms and SMT for-
malisms, as well as defined efficient encodings from our
language into SMT. On the one hand, we have shown that
SMT allows one to deal with signed CNF formulas and LIA
constraints using a high-level language. On the other hand,
we have defined a trickier encoding of signed CNF formulas
based on bit vectors that leads to a new approach to solving
multiple-valued SAT problems. The next step is to design
and conduct an empirical evaluation of the contributions of
the paper.
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