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Abstract. The presence of uncertainty in the real world makes robust-
ness a desirable property of solutions to Constraint Satisfaction Prob-
lems (CSP). A solution is said to be robust if it can be easily repaired
when unexpected events happen. This has already been addressed in
the frameworks of Boolean satisfiability (SAT) and Constraint Program-
ming (CP). In this paper we consider the unaddressed problem of robust-
ness in weighted MaxSAT, by showing how robust solutions to weighted
MaxSAT instances can be effectively obtained via reformulation into
pseudo-Boolean formulae. Our encoding provides a reasonable balance
between increase in size and performance. We also consider flexible ro-
bustness for problems having some unrepairable breakage, in other words,
problems for which there does not exist a robust solution.

1 Introduction

Uncertainty is inherent to most real world problems. For instance, in job-shop
scheduling, if a machine breaks down, a new solution must be computed. Such
a new solution should be fast to compute and, ideally, should also be close to
the initial one (e.g., in the job-shop problem, it is not desirable to reassign a
large number of tasks). Thus, instead of looking for an optimal solution, which
may be brittle and not comply with these two requirements, one could directly
look for a solution that can be easily repaired (easy referring both to time and
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number of repairs). Such a solution is said to be robust. Obviously, this robust
solution may be suboptimal, compared to a non-robust one. This fact has been
sometimes called the price of robustness [2] but, in many real world situations,
it is worth sacrificing some optimality for a stronger solution.

In this paper we consider the unaddressed problem of seeking robust solutions
in weighted MaxSAT. MaxSAT is becoming a competitive approach for solving
combinatorial optimization problems [II] in the CP framework, as well as to
deal with Max-Constraint Satisfaction Problems (Max-CSP) [1].

Existing works on robust solutions for (plain) SAT [4/13] and CP [GI7ISI9I10]
are based on two main approaches: reformulation and search-based algorithms.
The idea of reformulation is to extend the initial instance so that a solution to the
extended instance is a robust solution to the initial one [4]. On the other hand,
search-based algorithms look for robust solutions with backtracking, propagation
and consistency techniques [GI7U89IT0]. Previous works [5] claim that, at least
for CP, the reformulation approach results in prohibitively large formulas.

In this paper we show that reformulation is still feasible in the setting of
weighted MaxSAT. This has several advantages. First, the notion of robustness
can be directly expressed in the original formulation of the problem with no need
of changing the underlying solving method. Additionally, the reformulation can
be easily adapted to interesting extensions of the notion of robustness such as
adding dependencies between breakable and repairable variables, or introducing
failure probabilities, among others. Contrarily, in search-based approaches, if the
notion of robustness is modified, the algorithm must probably be modified too.

2 Weighted MaxSAT Robustness

The following definition generalizes the one of Ginsberg et al. [4] to partial
weighted MaxSAT.

Definition 1. Let I be a partial weighted MazSAT formula and S1, Sy and Ss
be sets of variables occurring in F, such that (S;US2)NS3 = (. A (S, S8, S3, 8)-
supermodel of F' is a (minimal cost) model of F such that if we modify the
values taken by the variables in a subset of Sy of size at most a (breakage),
then another model can be obtained by modifying the values of the variables in a
disjoint subset of So of size at most b (repair) and the values of any number of
variables in Ss (don’t-care variables), and moreover the solution and all possible
repaired solutions have a cost of at most 3. When the set of don’t-care variables
Ss is empty we simply talk of (S¢,S5, B)-supermodels. Also, if the sets Sy, So
and Ss are unrestricted, we talk of an (a,b, 8)-supermodel.

The idea behind Sj is that sometimes a formula contains auxiliary or redun-
dant variables, whose values are implied by others, and a change in their values
should not be counted neither as a break nor as a repair.

In the following we assume that F' = C' A W is a partial weighted MaxSAT
formula, where C denotes the set of mandatory clauses and W denotes the set
of weighted, non-mandatory clauses. W.l.o.g., we assume that W consists only



of unary clauses, i.e., W = (Iy,wy1) A -+ A (Ig, wg), where [; is a literal and w; is
a weight for all 4 in 1..k. We define B = 1; - wj, which amounts to the
cost of the unsatisfied clauses in W.

We now show how we can reformulate an initial formula F' to an extended
formula Fgp;, whose solution is a robust solution to F. We achieve this by
means of Boolean cardinality constraints, which allow us to state, for a given set
of Boolean variables E' and a given number p, that at most p variables of E' can
be true [12]. A formula which is only O(n®) larger than F is obtained (where n
is the number of variables). This is especially important, since it means that the
complexity (in size) of our approach does not depend on the number of repairs,
but only on the number of breakages, which is usually assumed to be low. This
is an important improvement from the encoding in [4], whose size is O(n®*?).

The key idea of the encoding is the following: instead of encoding the different
repairs by explicitly flipping (i.e., negating) the variables (as done in [4]), simply
rename the variables and restrict the number of variables that can change their
value by means of cardinality constraints. As we need a different repair for each
possible breakage, a different renaming of the repair (and don’t-care) variables
is necessary for each possible breakage. To this end, each variable of a repair set
R is tagged with the name of the breakage set .S which is repairing.

jEl. .k

Definition 2. (Variable renaming). Let R and S be sets of variables. The func-
tion reng s : X — X is defined as reny s(x) = 2° for every variable x € R, where

2% is a new atom, and reny s(x) =z if v ¢ R.

Definition 3. (Formula renaming). Let F' be a Boolean (or pseudo-Boolean)
formula, and R and S be sets of variables. Then F'"®S denotes the formula F
where all occurrences of each variable x have been replaced by reng s(x).

Definition 4. (Difference cardinality). Let R and S be sets of variables, and
reng s be a variable renaming function. Then we define the difference cardinality

formula as V'eras =3 o (x #reng (2) = 3, cpla # 2%).

The encoding of Fsys, which will give us a (S¢, 9%, S35, 3)-supermodel of F,
is the following pseudo-Boolean Optimisation (PBO) instance:

F§y; = Minimize B
Subject To CA(B<p)A
A (e g < g gmas <)

SCS1,1<|S|<a

Roughly speaking, the meaning of the PBO instance Fgj; is the following:
we have first replaced the weighted clauses W of the original formula F' by the
objective function to be minimized, which corresponds to B, the sum of the
weights of the falsified clauses. Then we have C|, that is, the mandatory clauses
of the original formula, and we add B < 8 to bound the cost. Next, we need
to be able to repair all possible breakages. The big and accounts for all possible



(breakage) sets S of size smaller than or equal to a. For each of these breakages,
we flip the broken variables in the original mandatory clauses and rename those
CN(52\5)USs. . we bound the cost of the new solution with

allowed to change in Cr§

B;n“?\s)us?”s < B, and limit the number of repairs with V'"s2\s.s < b. Note
that ren(s,\s)us,, s 15 a renaming of the variables in (S \ S) U S3, by labeling
them with S. Since a different renaming is needed for every considered subset S
of Sp, we just choose that set .S for the renaming, as it improves readability.

In [3] we also provide: the correctness proofs of the Fy,, encoding for find-
ing supermodels of a partial weighted MaxSAT formula F'; the generalizations
of our definitions and encodings so that partially robust solutions can be ob-
tained for problem instances lacking totally robust solutions, and an extensive

benchmarking section considering resource allocation problem instances.

3 Conclusion

In this paper we have proposed a mechanism for finding robust solutions to
weighted MaxSAT problems. We have extended the approach of Ginsberg et
al. [4] to deal with cost constraints and don’t-care variables. By using cardinality
constraints, the reformulation results in a much smaller problem in the pseudo-
Boolean framework. Moreover, with our approach, the solution to the extended
instance provides not only the supermodel for the initial problem, but also a
possible repair for each of the potential breakages.

(a, b, B)-super solutions do not exactly match (a,b)-super solutions of [7]
because the cost f is not explicitly considered there. Notice that imposing a
constraint on the cost of (a,b)-super solutions would only guarantee it for the
solution found, but not on the possible repairs. Therefore, if we wanted such
restriction to hold also for the repairs, we should modify the algorithm to find
(a, b)-super solutions, whilst our approach guarantees a cost of 5 both for the ini-
tial solution and for every possible repair. Using state-of-the-art pseudo-Boolean
solvers we have been able to find (a, b, §)-super solutions for combinations of a
ranging from 1 to 2 breakages, b ranging from 1 to 8 repairs, and g ranging from
a 60% to a 90% of optimality, for several resource allocation problems, most
of the times in far less than 1000 seconds. This is quite successful, especially
compared to previous works on robustness, which were restricted to (1,0)- and
(1,1)-supermodels [4] for reformulation approaches, and to at most (1,3)-super
solutions to CSP problems with search-based approaches [5].

Our approach can be seen as a generic framework for robustness through
reformulation, since slight changes in the encoding allow to model other notions
of robustness. For example, a variant could be to directly designate the potential
breaks to handle: instead of using S§, we could decide what (combinations of)
breaks deserve being repaired, which would be always a subset of 2%1. This
would be useful if we only want to consider those breaks having a non negligible
probability of occurring, particularly in very large problems. We could also think
of a robustness notion where each breakable variable has a corresponding set of
associated repairable variables.
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