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Outline

@ The problem.

o a spring-mass-damper system: motivation and modelling;
o Mmain tools: dominant eigenvalues;
« functional setting.

@ Main results: spectral analysis and large time behaviour.

« large mass at the end (¢ small);
o the role of spring internal viscosity (o).
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THE PROBLEM

@ A spring-mass-damper system: motivation and modelling.

@ Main tools: dominant eigenvalues.

@ Functional setting.
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he system

A damped spring-mass system
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Spring or viscoelastic device
(elasticity + possible internal dissipation)
fixed at one end
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S =2 = Spring or viscoelastic device

= D = (elasticity + possible internal dissipation)
’ - fixed at one end

I - Damper or viscous device
=k (external dissipation)
= acting onto the mass at the other end
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S =2 = Spring or viscoelastic device
= D = (elasticity + possible internal dissipation)

fixed at one end

— Equation

I - Damper or viscous device
=R (external dissipation)
= acting onto the mass at the other end

= Boundary conditions
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Motivating the problem: PDE vs. ODE

Spring-mass system as an ODE (spring as a discrete system):

mu"(t) +ru'(t) + ku(t) =0
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Motivating the problem: PDE vs. ODE

Spring-mass system as an ODE (spring as a discrete system):
mu"(t) +ru'(t) + ku(t) =0

But ...

— j o differences in internal
deformation?

« possible internal dissipation?
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Modelling
e Momentum balance law
@ Rheological approach

spring (elasticity) and dashpot (viscosity)
combined in series or parallel

O-GZEge O-’U:E]_é'v

A ccooany —
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Modelling
@ Momentum balance law v
e Rheological approach v

spring (elasticity) and dashpot (viscosity)
combined in series or parallel

O-ezEge O-’U:E]_é'v
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Continuous Kelvin-Voigt model
or
wave equation with strong damping
(our case)

T, 55
REARLELL]

A

s

Rheological model:
FE, E; spring elasticity and viscosity; g external viscosity.
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Wave equation with strong damping and dynamical boundary
conditions (linear and dimensionless model)

u(z,t) = displacement of the x particle at time ¢

.
utt—um—autm:@, O<I‘<1,t>0

u(0,t) =0
| up(1,1) = —¢ |ug(1,t) + aug(1,t) + rug(l,t)]

/"

a > 0 ~ internal damping (spring, £1) @
r > 0 ~» external dissipation (external damper, q)

e > 0 ~» inverse of the external mass ”

_ _E _ _ g _ pL
=75 "= VB e T W)
a "Spectral analysis and limit behaviors in a spring-mass syst em” , MP, J. Sola-Morales. Preprint (2005)

b "Analysis of a viscoelastic spring-mass model” , MP, J. Sola-Morales. JMAA (2004)
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Wave equation with strong damping and dynamical boundary
conditions (linear and dimensionless model)

u(z,t) = displacement of the x particle at time ¢

)
Ut — Upy — QU = 0, O<x <1, t>0

u(0,t) =0
| up(1,1) = —€ |ug(1,t) + auw(1,t) + rug(l,t)]

/"

o M. Grobbelaar-van Dalsen (1994): a=¢=1,r =0, P. Massat (1983).
S.Chen, K.Liu and Z.Liu (1999) (independently).

e D.L. Russell (1986): explicit case ¢ = 0 for elastic beam equation.
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Wave equation with strong damping and dynamical boundary
conditions (linear and dimensionless model)

u(z,t) = displacement of the x particle at time ¢

)
Ut — Upy — QU = 0, O<x <1, t>0

u(0,t) =0
\ U (1,t) = —e |uz(1,t) + aug(1,t) + ru(1,1)]

/"

o Elastic medium + rigid mass: C.Castro, E.Zuazua '98 (controllability) ; ...

o« Wave eq. with strong damping:
N. Consul, J. Sola-Morales 99 (equilibria stability) ;
P. Freitas’97 (spectral analysis and stability);

o Wave eg. with weak damping + dynamical b.c.:
A. Freiria Neves, H. de Souza Ribeiro, O. Lopes '86.
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« Non-homogeneous version ?

U — Upy — AU = 0, O<x <1, t>0
u(0,t) =0
U (1,1) = —e Ju(1,t) + auw(1,t) + rug(1,8)] + (1)

globally bounded solutions ~+ resonances

a Asymptotic behaviour and oscillations in a viscoelastic problem, MP, Proceedings XVIII CEDYA-VIII CMA (2003).
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« Nonlinear problem 2

2

Ut — Upy — O Utgy + Ef (u(l,t), ut\(/lg’t)) =0, O0<ax<1,t>0
u(0,t) =0
(1) = = [ (1,8) + au(1,8) + rus(1,0)] - ef (u(1,1), “U:0)

/N

feedback control, exponentially attracting invariant manifold

(A.N. Carvalho, 1995; A.N. Carvalho, G. Lozada-Cruz, 2001)

% n preparation, MP.
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Main tools

spring-mass-damper system

4

PDE model or ODE model? | = | comparison between models
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Main tools

spring-mass-damper system

4

PDE model or ODE model? | = | comparison between models

4

Large time behaviour of solutions: reduction to ODEs
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Main tools

spring-mass-damper system

4

PDE model or ODE model? | = | comparison between models

4

Large time behaviour of solutions: reduction to ODEs v

Dominant eigenvalues v

(generalized convergence of operators, characteristic equation)
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1. Dominant eigenvalues.

. . d . .
Take the evolution equation o z(t) = B x(t) with B analytic.

Def: We call o5 a set of dominant eigenvalues of B if

o(B) = 01 U gy, where o, satisfies:

@ finite subset of isolated o1 =0(B)\ o9 02
eigenvalues : \ m

@ finite algebraic multiplicity -

Q Re(01)<w1<w2<Re(02) ’ / U
(if Re (o9) = C, we call o9 w1 Wo

the maximal dominant set).
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We then have a natural decomposition of the spectrum:

o(B) = 01 U 0y,

of the total space: X = X § A,
and of the operator: B = (B, By).

Thm: In this case, the equation of finite dimension

d
— Ty = B9 9

dt

can be thought as the limit when ¢ — +o0 of 4 2 = Bx.

et — aa0)]
f: lim —
(Proot tnn ey
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2. Generalized convergence of operators (T. Kato).

Def. LetT},,, n € N and T be closed operators. We say

A

T,, — T in the generalized sense if | §(T,,T) —

n— 00 n—:aoo

0

where ¢ is measures the gap between the graphs.
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2. Generalized convergence of operators (T. Kato).

Def. LetT},,, n € N and T be closed operators. We say

A

T, — T in the generalized sense if|6(7},,T) — 0

n—aoeo n—aoo

where ¢ is measures the gap between the graphs.

Generalization of norm-convergence:
@ gen. convergence < |1, — T'|| — 0 if bounded.

@ gen. convergence < |7, ' — T~'|| — 0 if bounded inverses.
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Thm [T. Kato] (Semicontinuity of separated parts of the
spectrum):

Let 7" closed and let o(T") separated in two parts by a closed curve

I'. For every closed operator S s.t. S(T, S) is small enough, we have
o(S) separated in the same way.

(iIsomorphic eigenspaces, norm convergence of projections, ...)

|

continuity of finite sets of eigenvalues ...
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3. The characteristic equation

By considering solutions of the form
u(z,t) = eMu(x)

it can be easily seen that the eigenvalues ) of A, (¢) are the roots of
the following characteristic equation:

T A—evVi+da+er
AdevV1i+da+er

Spectral analysis and large time behaviour in a viscoelastic model — p. 16



Functional setting

Xo = {(u,v) € H*(0,1) x C, u(1) =~, u(0) =0} c H*0,1) x C

Xi = {(u,y) € H'(0,1) x C, u(1) = ~, u(0) =0} ¢ H*(0,1) x C
Xo = {(u,y) € L*(0,1) x C} = L*(0,1) x C
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We can write the lineal model as the following evolution equation:

LYV — Ay (e)V =0, t€(0,00)
V(0) = Fo

5 (u, u(1)) _ (v, v(1))
Aa( ) ((U, U(l))> <( (u T a v)xxv —¢ (’LL + O”J)at(l) o 5TU(1)} ))

\

(u, u(1))
(v, v(1))

Y

) e X1 X Xq, (U—I—Oé?}) S HZ(O,l)

/
C H:X1><XQ
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Thm:

e (A.,D(A.)) with a > 0 generates an analytic semigroup in ‘H
[using P.Massat, S.Chen- K.Liu- Z.Liu].

a (Ay,D(Ap)) generates a C° semigroup of contractions in H.
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MAIN RESULTS

@ Large mass at the end (¢ small).

@ The role of spring internal viscosity («).
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Main results

We have written the PDE model as an evolution equation:

d
—V — A, =
- (e)V =0

Spectral analysis and large time behaviour in a viscoelastic model — p. 21



Main results

We have written the PDE model as an evolution equation:

d
—V — Au(e)V =0
™ (¢)

4

PDE — classical ODE ?| < |dominant eigenvalues?
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Two points of view (physical and mathematical interest):

a ¢ small (large mass at the end).
@ « (internal viscosity):

o« « = 0 or purely elastic spring;
o« «a ~ 0 or small internal viscosity;
o« « >> 1. the overdamping case.
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la. Infinite mass attheendores=0 («a,7r > 0).

(explicit eigenvalues)

@ )\g = 0Is adouble dominant eigenvalue.

(Proof. Energies)
@ 0c55(Aa(0)) = {—1/a},
(Proof. Relatively compact perturbation
of an operator with explicit computable o)
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1b. Large mass at the end or small ¢ > 0 (a, r > 0).

@ Thm: Spectrum as a perturbation of the limit case one

(when car < 1).

AG (A (€)

(Proof: Analysis of the characteristic equation)
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1b. Large mass at the end or small ¢ > 0 (a, r > 0).

@ Thm: Spectrum as a perturbation of the limit case one

(when car < 1).

NG (A,(©)

(Proof. Analysis of the characteristic equation)

@ Thm: Existence of 2 dominant eigenvalues {)\; (), Ay (¢)}
If £ small enough (explicit perturb. of \(0) = 0)

(Proof: A,(e) — A,(0) in a generalized sense, ...)

E—>

Spectral analysis and large time behaviour in a viscoelastic model — p. 24



Thm (limit ODE):

For m sufficiently large, the asymptotic behaviour of the PDE
solutions at x = L is given by the solutions of the following 2nd order
ODE:

mw"” + kyw' + kow = 0 (dimensional)

Eq 1 (B pL 4E1  q)\ [ pL\?
ki = — —— = = —— 4+ ) E
! (L+q) 3(L+q)<m>+<45L+15)<m +
1 ( pL 4 ([ pL\? 2 16 L\°
A () ()
3\ m 45 \ m 45 FEp 945 m

PDE — ODE, but observe the coefficients !!
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2a. Purely elastic spring or a =0 (g, > 0)
e Ay generator of a C semigroup of contractions.

@ Spectrum:
o 0(Ag) = 0,(Ap) (not essential spectrum)
« Infinitely many, isolated, finite algebraic multiplicity.
a Red<Oforall A € o(Ay).
o« Re)l, — 0and Im|\,| — oc.
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2a. Purely elastic spring or a =0 (g, > 0)

e Ay generator of a C semigroup of contractions.

(Proof: — Ay maximal monotone operator)

@ Spectrum:
o 0(Ap) = 0,(Ap) (not essential spectrum)
« Infinitely many, isolated, finite algebraic multiplicity.
o« Rel < Oforall A € o(Ay).
o« Re), — 0and Im|\,| — oc.

(Proof: Analysis of eigenfunctions,
characteristic equation for eigenvalues and energy)
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Thm (Asymptotic behaviour of solutions):

@ Not existence of any finite subset of dominant eigenvalues:

PDE -~ ODE!

@ But ... all solutions tend to O when ¢t — +o0.

And there exist solutions which tend to zero as slow as we wish
(because no internal damping).

Polinomial decay for smoother solutions?
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2b. Viscoelastic spring with small o > 0 (¢, > 0)
a A, Is the generator of an analytic semigroup if « > 0 (and € > 0).

@ Spectrum:
o Oess(A) ={—1/a}, a > 0;

o 0,(As) O:(;ap(AO) iIn compact sets, but not globally.

(. =0.01) (a=0.001)
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2b. Viscoelastic spring with small o > 0 (¢, > 0)
a A, Is the generator of an analytic semigroup if « > 0 (and € > 0).

(Proof: using Massat’'83)

@ Spectrum:
o Oess(An) ={—1/a}, a > 0;
o 0,(As) — 0,(Ap) In compact sets, but not globally.

a—0

(Proof: A, — Ap In a generalized sense,

o—

but A, is sectorial when « > 0)
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Thm (Existence of dominant eigenvalues and limit ODE):

If o > 0 Is small enough,

there exists a finite subset of dominant eigenvalues, but ...

|

PDE — ODE ?

|

Yes, but the order and coefficients of the ODE
may be differents for each «.

(the limit ODE may not be of order 2 !!)
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2c. Overdamped viscoelastic spring or o > 0 large

a Explicit limit case when ¢ = oo, r = 0:

If o large enough:

Q 0'p = {)\,,:,lL:} - (—OO, —l)

«

— — 1
a A, — —00, A\, — —=

L 1
@ Oegs — {_a

I I I I
000000000000000000000

Overdamping for « large.
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e If ¢ large, »r small and « large enough ...

Thm (No limit ODE):
We have o C (—oco, —1], where 0,55 = {—=} and

—00 < A < A< —1/a with AT — —1/a,\, — —o0

22—1

(Proof: z = /1 + )\a in char. eq. + comparison with e o= = —1)

This implies that:

@ No finite subset of dominant eigenvalues = | PDE - ODE!!

@ Overdamping phenomena
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