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Acoustic approach: MGT equation

@ Propagation of sound

@ Acoustic velocity potential in viscous thermally relaxing fluids

@ Medical and industrial application of high intensity focused
ultrasound (lithotripsy, thermotherapy, ultrasound cleaning, ...)

Monitos

Waerbag
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@ Fourier law for heat conduction (g = —KV9):

= Kuznetsov equation (classic nonlinear Acoustics)

d (1 B
Ut — C2AU 25 bAUt = a <C22/4(Ut)2 + |VU|2>
Problem: infinite speed of propagation !!!
(not good for previous applications)
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= Kuznetsov equation (classic nonlinear Acoustics)

U — b= — gt <c122i(ut)2 + |Vu|2>
Problem: infinite speed of propagation !!!
(not good for previous applications)
@ Alternative = Maxwell-Cattaneo law for heat conduction:
Tq; - q— KY0
(7: relaxation time of heat flux = thermal inertia therm):

= Jordan-Moore-Gibson-Thompson equation:
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(not good for previous applications)
@ Alternative = Maxwell-Cattaneo law for heat conduction:
Tq; - q— KY0
(7: relaxation time of heat flux = thermal inertia therm):

= Jordan-Moore-Gibson-Thompson equation:

0o (1B
T+ — AU — bAuy = 57 (C22A ue)? + IVU|2>

Linear part = Moore-Gibson-Thompson equation:

Tl U — - Air— DA, — OI
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Mechanical approach: SLV model

Deformation of a viscoelastic material
(properties: viscous fluidity + elastic solidity)

o

P '
- - >
- T
E

6/33



Mechanical approach: SLV model

Deformation of a viscoelastic material
(properties: viscous fluidity + elastic solidity)

[

Rheological approach (1D):

Viscoelastic Model

Spring
models
elasticity

Dashpot
models
viscosity
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Rheological approach (1D):
o relation between o (stress, force) and ¢ (strain, deformation)

@ combination of

spring (elasticity) and dashpot (viscosity)
og=Fe¢ og=1n 5’
in series or in parallel
E=aarey E =Ee —Ey
(0 = (0 = (e)y) O =0+ 0y

E 7
e
&, Z, i g
g

@ mechanical tests: creeping and stress relaxation
@ simplest models:

o Kelvin-Voigt (in parallel, wave equation with strong damping)
o Maxwel (in series, wave equation with weak damping).
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The Standard Linear Viscoelastic model

@ a more realistic approach
@ the most simple exhibiting creeping and stress relaxation
@ 2 rheological approaches:

£
E
J\/\/\/\/—m
E, n

spring + Maxwell in parallel spring + Kelvin-Voigt in series

Same constitutive equation: o + 70’ = E (¢ + p¢’)
(different relation of the coefficients with the physical parameters)
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The Standard Linear Viscoelastic model

@ a more realistic approach
@ the most simple exhibiting creeping and stress relaxation
@ 2 rheological approaches:

£
,
J\/\/\/\/—m
E, n

spring + Maxwell in parallel spring + Kelvin-Voigt in series

Same constitutive equation: o + 70’ = E (¢ + p¢’)
(different relation of the coefficients with the physical parameters)

4

The continuous model (SLV model):

TUpee + Ugr — C2 (U F B ) =0, xc |0 L]t =0

where u(x, t) = deformation, 7,3 > 0.
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The problem

Consider

Tugee + Uge — A (u+ fuy) =0, x e Qc RV
with homogeneous Dirichlet b.c.

11/33



The problem

Consider

TUt + Utt—CzA(U—i-ﬁut) =0, xeQcRV

with homogeneous Dirichlet b.c.

In general:

Tuttt+utt+L(U+,3Ut):0,XEQCRN J

e  bounded, regular domain

o L self-adjoint, > 0, compact resolvent operator in H (Hilbert)
(eigenvalues: 0 < pg < pp < ... — 00, semi-simple
eigenfunctions: ¢, orthonormal)

@ several possible functional spaces H; (see [M-McD-T, 2012])
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Important remarks and known results
(previous references)

A N N ) xeflc RY

@ Although linear, this equation displays a variety of physical
behaviors depending on the parameter values
(non-existence, existence but chaotic, exponential decay)

e 7 > 0 = hyperbolic type equation
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Important remarks and known results
(previous references)

G0y U chu cilhg =0 Qe

Well-posedness (5)
e 3 =0 (and L unbounded): ## C%—semigroup
o C 0 2 Croroup

Decay (7/0)
e 7 < [J (dissipative case): exponentially stable group
e 7 = [J (conservative case): constant energy
@ 7 > [3: chaotic behaviour
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Important remarks and known results
(previous references)

G0 U o Au oihg =0 Qe

Well-posedness (5)
e 3 =0 (and L unbounded): ## C%—semigroup
o C 0 2 Croroup

Decay (7/0)
e 7 < [ (dissipative case): exponentially stable group
e 7 = [J (conservative case): constant energy
@ 7 > [3: chaotic behaviour

Remark: third parameter ¢?, “hidden” in the abstract form
through the spectrum of L = —c2?A (important role in the
eigenvalues related conditions, c?u,)
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Description of the spectrum of A
We write it as a first order system:

v

du
ZZ = AU, U € D(A), with AU = w

1 1
ot ——L(u+Bv)—=w
T v

The eigenvalues:
Characteristic equation:
XS+ A% 4 BunA + pp =0
Cubic equation = 3 solutions for each n:
1,72, A3

Type depending on the sign of Cardano’s discriminant, with zeroes

m m
1, 2 _A3/33




In general, 1 real sequence A} and 2 nonreal ones, \J = A7
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In general, 1 real sequence A} and 2 nonreal ones, \J = A7

EXCEPT ... (not considered in [MMcDT, 2012])
If 7/8 < 1/9 (overdamping) and u, € [m1, my] (finite number!):

3 real eigenvalues

simple if u, € (my, my), 1 simple and 2 double if x, = m; or my,

triple if 7/5 =1/9 and p, = mi(= my).

Spectrum when 7/3 < 1/9
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In general, 1 real sequence A} and 2 nonreal ones, \J = A7

EXCEPT ... (not considered in [MMcDT, 2012])
If 7/8 < 1/9 (overdamping) and u, € [m1, m2] (finite number!):
3 real eigenvalues

simple if u, € (my, my), 1 simple and 2 double if x, = m; or my,
triple if 7/5 =1/9 and p, = mi(= my).

@ In the discrete case, it can happen or

not (depending on the parameters)

A (but it DOES happen as 7 — 0!!)
) @ In the continuous case (unbounded

domain) it DOES happen
(IS-H,MP, AMO 2017]).

@ This will be tricky and important in
next results

Spectrum when 7/3 < 1/9
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They fulfill:

e M ERS A A —% (essential spectrum)
® X € C\R=0>Re(3)\, 3 (1-3)

o—%(%—%><—%if%<%(resp. —

Lt el DR S T2 1)
I x x

@[~
AN
Wik
@[~
Vv
Wik
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Dominant spectrum: two possibilities

o {)\}, A1} (the first two nonreal eigenvalues)

° —% (essential spectrum) (overdamping: no dominant oscillations)

1
e == Hell

B3
9

&
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Dominant spectrum: two possibilities

o {\1, A1} (the first two nonreal eigenvalues)

° —% (essential spectrum) (overdamping: no dominant oscillations)

1
= < 3 = different possibilities

(still not explicit condition: solve the characteristic equation for p, = pu1)

|
\

B e

Orx —RelAn) Omax = Re(A}) = —= Omax = ——

=
=

16/33



Main result 1: new scalar product and

normality of A
Theorem 1
o If pp # my, my:
e we construct a new and explicit scalar product (-,-)s where

A is a normal operator
e the eigenfunctions are orthonormal and complete with G

17/33



Main result 1: new scalar product and

normality of A
Theorem 1
o If pn # my, my:
e we construct a new and explicit scalar product (-,-)s where

A is a normal operator
e the eigenfunctions are orthonormal and complete with G

e If any u, = my, ma, A not normal in any scalar product
(multiplicity of eigenvalues).

17/33



Main result 1: new scalar product and

normality of A
Theorem 1
o If pp # my, my:
e we construct a new and explicit scalar product (-,-)s where

A is a normal operator
e the eigenfunctions are orthonormal and complete with G

e If any u, = my, ma, A not normal in any scalar product
(multiplicity of eigenvalues).

Remarks

> A normal if AA* = A*A
(= diagonable, orthonormal eigenfunctions)

17 /33



Main result 1: new scalar product and

normality of A
Theorem 1
o If pp # my, my:
e we construct a new and explicit scalar product (-,-)s where

A is a normal operator
e the eigenfunctions are orthonormal and complete with G

e If any u, = my, ma, A not normal in any scalar product
(multiplicity of eigenvalues).

Remarks
> A normal if AA* = A*A
(= diagonable, orthonormal eigenfunctions)

> A normal is the best we can expect
(A is not self-adjoint as it has non-real eigenvalues)

17 /33



Main result 1: new scalar product and

normality of A
Theorem 1
o If pn # my, my:
e we construct a new and explicit scalar product (-,-)s where

A is a normal operator
e the eigenfunctions are orthonormal and complete with G

e If any u, = my, ma, A not normal in any scalar product
(multiplicity of eigenvalues).

Remarks

> A normal if AA* = A*A
(= diagonable, orthonormal eigenfunctions)

> A normal is the best we can expect
(A is not self-adjoint as it has non-real eigenvalues)

» Main difficulty: proving the equivalence of the new scalar
product and the natural one
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The idea ...

If A normalin (,)c= A diagonable =
V1, W3, W2 orthonormal eigenfunctions in this norm.

So, it is natural to define

G 0 0

0 G 0
G= :

0 @© Gn

where (u,v)g, = (C;lu, C;1v)gs (with C, = col(W7, W3, W3)).

= G,=(GH7C1
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The idea ...

If A normalin (,)c= A diagonable =

W1, V3, W3 orthonormal eigenfunctions in this norm.

So, it is natural to define

Giz 0 0

0 G 0
G = E

0 O Gn

where (ivic — (€. 0, G M ps (with €, — col(W] WS VT,

=6, =[C, et

Important (and tricky):

(,)G, ~ (,) uniformly in n = G equivalent to the natural product
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The idea ...

If A normalin (,)c= A diagonable =

W1, V3, W3 orthonormal eigenfunctions in this norm.

So, it is natural to define

= s

0 G 0
G = :

0 O G,

where (u,v)g, = (C;lu, Colv)gs (with C, = col(W], W5, Wa)).

G, - (@

Remark
Only possible when non multiple eigenvalues !!!
(in which case A not normal because not diagonable)
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Example in H = H}(Q) x H}(Q) x L2(Q):

W 00
Oﬂ = 0 Mn 0
OF  0F
2762+3T+B L ( T+8 472B2+62+372 5 il 1
= ol enlintolus) . =te L} ofl)
- 2
G = 52 i + 0(gen) i, + o(n) (4;?2) 1+ 0o(l)
22 5l 2 =
LA 1+0(1) EHE-140(1) S 1+ 0(1)
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Main result 2: optimal exponential decay

Theorem 2
e If Anormalin (-,-)¢:

1U(t)lle < e”™||U(0)]l6

Omax = max{Re(A}), —%} < 0, dominant spectrum.
Optimal exponent.
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Main result 2: optimal exponential decay

Theorem 2
e If Anormalin (-,-)¢:

1U(t)lle < e”™||U(0)]l6

Omax = max{Re(\}), —%} < 0, dominant spectrum.
Optimal exponent.

@ If A not normal, ALSO true (but in another norm)
(multiple eigenvalues, but not dominant)
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Main result 2: optimal exponential decay

Theorem 2
e If Anormalin (-,-)¢:

1U(t)lle < e”™||U(0)]l6

Omax = max{Re(\}), —%} < 0, dominant spectrum.
Optimal exponent.

@ If A not normal, ALSO true (but in another norm)
(multiple eigenvalues, but not dominant)

Remarks
In [MMcDT 2012]: exponential decay with the growth bound

inf{w € R; ||| < M, e¥t V¥t >0} (usual norm)

We improve it: M,, = 1, and the infimum is a minimum (also
when .5 is the essential spectrum)

y

20 /33



Idea...

if A nermalin (¢ =

e Eigenfunctions are orthonormal in G and complete
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Idea...

if A nermalin (¢ =

e Eigenfunctions are orthonormal in G and complete

4

In this basis:

@l =2 e B e e )

n,j n,j
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Idea...

if A nermalin (¢ =

e Eigenfunctions are orthonormal in G and complete

4
In this basis:
||U Z|dn|2 2Re(A < Z|dn|2 20 maxt (t>0)
n,j
e Optimality:

o Clear if omax = Re()\})
o Also if omax = —%, as we have \] — —

=
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If A not normal ...

@ Multiple eigenvalues are not a problem because they are not
dominant = we can essentially do the same as before
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If A not normal ...

@ Multiple eigenvalues are not a problem because they are not
dominant = we can essentially do the same as before

0 A
For A the same as before applies:

o A= < 2 > (A1 the part of the multiple eigenvalues)

[0 g, < e7morlAn)t < gommlA)E

For A; we can define (-, -)¢, . such that (for a certain ¢ > 0)

_1
lefitlgy, < elmmtA )t < g=hE < omal)t

= G’ defined as the orthogonal extension of Gy, G;
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Outline

© MGT in RV
Energy method in the Fourier space
The eigenvalues expansion method (solutions decay)
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The problem in RV

We consider
T Uttt + U — Au— IBAUt =0in RN

with 0 < 7 < 3 (we take ¢ = 1 without loss of generality)

What we do?

o well-posedness (Co-semigroup of contractions) v/
(not done before in RN)

@ decay rate results

24/33



The decay results (1)

Theorem (decay of the energy):

IV V() 2qmy < C(L+ 8) 42| Vo | ey + Ce™ [V Vol 2am)

where V = (uy + Tug, V(u + Tut), Vue), ¢ > 0.

Idea of the proof: Lyapunov functional method in the Fourier
space + Plancherel Theorem.

Remark: the heuristics suggest the decay is optimal, but this is
not a bound for the solution.
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The decay results (I1)

Theorem (decay of the solutions):
For N+ > 3,

[V7u@llo < Clluollis + luallis + ualla) (1 + ¢)/2 N7
+C(IV wolli2 + IV unll 2 + IV w2 2) e

with ¢ = max {—%, RC()\273(5V1))} <0

Idea of the proof: eigenvalues expansion method, using the
previous description of the spectrum.

Decay (low frequency eigenvalues): for all N > 3 and all j > 0
(for N = 1,2 decay only if j > 3/2, 1/2, but similar result gives decay
(1 + t)1=N/4=J/2 for other j > 0). Does not seem optimal.

Regularity (high frequency eigenvalues): same as the initial conditions
(no regularity-loss type).
26/33



Idea: eigenvalues expansion method

Based on the asymptotic behaviour of the eigenvalues in the
Fourier space.

Observe that same description of the spectrum as in the bounded
domain, but [£| (~ \/in) being a continuous parameter.
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Idea: eigenvalues expansion method

Based on the asymptotic behaviour of the eigenvalues in the
Fourier space.

Observe that same description of the spectrum as in the bounded
domain, but [£| (~ \/in) being a continuous parameter.

How?

@ Plancherel Theorem:
# 2 g
IV @)z = [, le1ae o) Pde
RN
@ Split the previous integral in T, Ty, Ty
@ And, roughly speaking ... ODE in the Fourier space for each &
8(E, t) = Gi(€)e™M O 4PN [G(€) cos(Im(A2(€))E) + Ca(€) sin(Tm(A2(€))1)]

(Ci(&) using initial conditions and asymptotic behaviour of the
eigenvalues in each part)
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Asymptotic behaviour of the eigenvalues in each part:
o T ={|¢| <11 << 1} = decay (as i ~ RO )

Al(é) = _17

T

Xo(€) ~ ile] = 5(8 = T)IEP,

Xa(€) ~ —ilé] - 3(8 — TIel?

o Ty = {11 <|{| < wp} (multiple eigenvalues not a problem):

Ro(M a(6)) < max { - 3. Relhaa(€) } <0

o Th={|¢| > 2 >> 1} = regularity (as i ~ |¢|me=cl€l™ )

Al(é’) 7 _%7

Ao(€) ~ +/|§\\/7
- im\/?

AslEVer

28/33



Imposing initial conditions (and taking the dominant terms) ...

€] small:
o, < G (16P1ao] + 61| + ) €7
+Co (180] + 11| + 1021 ) €™ 271" cos(fg]2)
+Ci (1ellnl + 1on + gl ) & 514 singiele)

4

(some integral bounds for N + j > 3 or for all N > 1)

4

Y

. 1/2 ;
(/T SHEG f>2df) < Cllluolffa s+l 2)(1 + 1) ¥4
L
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6] medium (and |¢] # y/mr, y/2):
6(E, )] < Cu (- [80(E)] +1 - 1Ga(6)] + 1 - [G2(€)]) e*

with ¢; = max {—%,Re()\2,3(£1/1))} <0

4

(some integral bounds)

4

: 1/2 : . :
( JRERILIGE |2d£) < C(IV o etV g etV ) et
M
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€] large:
|a(€, £)] <

1 1 ¥ 1 1 « 1 1 e ot
o (<1+ L H) 18 (6)] + (m - H) (6] + (H . H) |uz(£)|> e
with ¢ = max{—%,% (% —_ %)} <0

4

(some integral bounds)

Y

; L . : :
</T €171a (€, ) |2d£> < C(IV woll 2+ V7 [l 2+ V7 w2l 2) e
H
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Joining the previous inequalities we arrive at ...

for N+ >3,

IV ()lp < Cllolls + ol + ol ) (1 + e/ /4-372
+C(IV7woll 2 + |V w2 + [V w2 2)e v

with ¢ = max {—%,Re()\gy,(fyl))} <0.
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