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Preface
This book contains the abstracts of the invited talks, contributed papers, and contributed talks
accepted for presentation at the XVIII Spanish Meeting on Computational Geometry (XVIII
EGC), held in Girona, Spain, on July 1-3, 2019.
This series of meetings focuses on current research topics in discrete and computational geometry. Since its beginning in 1990, the meetings have combined a strong scientific program with
a friendly atmosphere. The intended audience ranges from experienced researchers to students
that make their first steps into the area. Over the years, the meeting has become more international. Since 2011, EGC has been held in English and submissions peer-reviewed by an
international program committee.
In this edition, for the first time, we accepted two types of contributed submissions. Authors
were able to choose between submitting a 4-page (“paper”) or a 1-page abstract (“talk”). We
received a total of 29 submissions, consisting of 16 papers and 13 talk submissions. Of these, 26
were finally accepted and form the core of this book.
This new edition of the meeting is the result of the work and dedication of a lot of people. First
of all, I would like to thank the authors for choosing EGC to share and disseminate their work.
Secondly, I would like to thank each of the members of the program committee for accepting
to be part of it, and for carrying out their reviewing job in a careful and constructive manner,
despite the very tight schedule. I also want to thank the external reviewers who provided
detailed reviews for several submissions (Kolja Junginger, Ioannis Mantas, Irene Parada, Hans
Raj Tiwary, and Inmaculada Ventura). Thirdly, as is tradition in this conference, we had the
pleasure to enjoy three excellent invited speakers: Marc van Kreveld, David Rappaport and
Carme Torras. I am really grateful to them for accepting our invitation. Finally, this edition
of EGC would not have been possible without the tough work of the local organization chairs,
Narcı́s Coll and Marta Fort, and the support from the the Graphics & Imaging laboratory
research group, the Computer Science, Applied Mathematics and Statistics Department of the
University of Girona, the Catalan Mathematical Society and the Patronat Politècnica.
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Alberto Márquez, Universidad de Sevilla
Joseph S.B. Mitchell, Stony Brook University
Wolfgang Mulzer, FU Berlin
Evanthia Papadopoulou, Università della Svizzera italiana
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Perfect rainbow polygons for colored point sets in the plane
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Filip Cano Córdoba and Julian Pfeifle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
Total domination of near-triangulations
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Geometric Definitions for Geographic Problems: groups of moving
entities and other phenomena
Marc van Kreveld1
1

Department of Information and Computing Sciences. Utrecht University

When solving problems that are motivated by GIS, it is not sufficient to restrict oneself to developing algorithms. It is at least as important to think carefully about the proper definition of the problem that needs
to be solved. We will consider a few examples, including problems on terrains and in cartography, but most
importantly, how to define (and compute) the grouping of a set of moving entities.
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Old Problems New Results
David Rappaport1
1

School of Computing. Queen’s University.

I will review some computational problems that I have worked on, some decades ago, and report on recent
advances on these problems. Some longstanding open questions have been recently resolved. Some techniques
that were useful years ago have been dusted off to solve new variations of old problems. Along with the advances,
new questions arise stimulating newer work and newer discoveries.
I will focus on three main problems, and their variants. The domain of discourse for all of the problems
is the Euclidean plane. My descriptions of the problems are intentionally vague, as we will see how different
interpretations can lead to substantially different problems.
• Given a set of points find a subset of largest cardinality that is convex. I will review several variants to this
problem, variants that add additional constraints and optimization criteria, and variants on convexity itself.
• Given a set of disjoint line segments find a best “stabbing” polygon. Different definitions of stabbing and
various optimization criteria lead to substantially different variants of the problem.
• Given a set of disjoint line segments determine whether there is a “polygonization” of the input. The notion
of polygonizing a set of line segments can be defined in several different ways. I will report on some recent
advances that solve longstanding open problems of this type.
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Research Challenges in Cloth Manipulation by Robots
Carme Torras1
1

Institut de Robòtica i Informàtica Industrial. Universitat Politècnica de Catalunya.

The versatile manipulation of clothing items by robots would considerably enlarge their range of application,
from textile manufacturing to online shopping, housekeeping, hospital logistics, and providing dressing assistance to elderly and disabled people. However, robotized cloth manipulation in non-predefined settings has so
far proven elusive, due to the vast number of degrees of freedom involved in non-rigid deformations. In the
CLOTHILDE project, we are addressing such challenging problem by relying on learning algorithms for perception and motion generation, and exploiting a novel definition of textile object grasps based on geometric
primitives. More information: https://www.iri.upc.edu/project/show/187
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Maximum matching in disk graphs of bounded depth
Sergio Cabello∗1 and Wolfgang Mulzer†2
1
2

University of Ljubljana, Slovenia
Freie Universität Berlin, Germany

Let U be a family of n disks in the plane. The disk
graph GU for U is the undirected graph with vertex
set U and edge set

Using that disk √
graphs of bounded depth have separators of size O( n) and constant average degree,
one can adapt the algorithms of [7, 8] to find a maximum matching in a subgraph of a disk graph with
n disks and depth O(1) in O(nω/2 ) = O(n1.19 ) time.
The dependency on ρ is polynomial, but it is not easy
to trace it precisely.
There are several interesting features to this approach. For one, we solve a geometric problem with
algebraic tools, namely linear algebra over finite fields.
The use of geometry is limited to finding separators
and bounding the degree. Moreover, the required
properties of the disks are very weak, and the approach extends to low-density families of planar objects using the separators by Har-Peled and Quanrud [3].

E(GU ) = {U V | U, V ∈ U, U ∩ V 6= ∅}.
If the disks in U are partitioned into two sets, one can
also define the bipartite disk graph, a subgraph of GU ,
in the obvious way. The depth (ply) of U, ρ(U), is
the largest number of disks that cover a single point,
ρ(U) = max2 |{U ∈ U | p ∈ U }|.
p∈R

Our goal is to compute a maximum matching in subgraphs of disk graphs, assuming a geometric representation. In the bipartite case, the algorithm of Efrat,
Itai, and Katz [1], using augmenting paths and blocking flows as well as data structures for weighted nearest neighbors [4], can find a maximum matching in
O(n3/2 polylog n) time. Moreover, if U has bounded
depth, i.e., ρ(U) = O(1), a standard packing argument shows that GU has O(n) edges and thus can
be constructed explicitly in O(n log n) time, using a
plane sweep to check for disk containment and for intersecting disk boundaries.
√ Then, the algorithm of
Micali-Vazirani needs O( n|E(GU )|) = O(n3/2 ) time
to find a maximum matching [6].
We investigate whether faster algorithms are possible if we consider the depth ρ(U) as an additional parameter. Naturally, the case ρ(U) = O(1) of bounded
depth is of particular interest.
Mucha and Sankowski [7] gave an O(nω/2 )-time
randomized algorithm for maximum matchings in nvertex planar graphs, where ω is the matrix multiplication exponent. Their method needs linear algebra
over finite fields and Gaussian elimination; the planarity is used to obtain nested dissections [2]. This
was extended by Yuster and Zwick [8] to H-minorfree graphs. In fact, it works in O(nβω ) time for
hereditary graph families (closed under taking subgraphs) that have bounded average degree and separators of size O(nβ ) that can be found in linear time,
for 1/2 < β < 1.
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Generalized kernels of polygons under rotation: area and perimeter∗
Alejandra Martı́nez-Moraian†1 , David Orden‡1 , Leonidas Palios§2 , Carlos Seara¶3 , and Pawel Żyliński
2

1

k4

1
Departamento de Fı́sica y Matemáticas, Universidad de Alcalá, Spain
Department of Computer Science and Engineering, University of Ioannina, Greece
3
Mathematics Department, Universitat Politècnica de Catalunya, Spain
4
Institute of Informatics, University of Gdańsk, Poland

Our contribution. We propose efficient algorithms
for maintaining the {0◦ }-Kernelθ (P ) of a simple polygon P while θ varies in [− π2 , π2 ), obtaining the values
of θ such that: (P.1) {0o }-Kernelθ (P ) is not empty,
or (P.2) it has maximum or minimum area, or (P.3) it
has maximum or minimum perimeter. In addition,
we consider (simple) orthogonal polygons and provide linear-time algorithms for the problems P.1-P.3
in that class of polygons. Finally, we extend our approach and provide a fast algorithm for computing
θ ∈ [0, π2 ) such that the area and/or the perimeter of
the {0o , 90o }-Kernelθ (P ) of a simple orthogonal polygon P are maximum or minimum.

Introduction

Computing the kernel of a polygon is a well-known
visibility problem in computational geometry [3, 6, 8],
closely related to the problem of guarding a polygon [7]. Our contribution goes a step further in the
latter setting, by allowing that set of predefined orientations to rotate.
For a given angle α ≥ 0◦ , a curve C is α-convex if
the intersection of C with any line forming angle α
with the x-axis is connected (equiv., if the curve C is
monotone with respect to the direction perpendicular
to such a line). More generally, let O = {α1 , . . . , αk }
be a set of k orientations in the plane, each of them
given by the oriented line `i , 1 ≤ i ≤ k, through the
origin of the coordinate system, and forming the counterclockwise angle αi ∈ [0◦ , 180◦ ) with the positive xaxis. Let O⊥ denote the set of orientations which are
orthogonal to those orientations in O. Then, a curve
C is O-convex if it is αi -convex for all i, 1 ≤ i ≤ k
(equiv., if C is monotone with respect to all the orientations in O⊥ ); an O-convex curve is also called an
O-staircase. Notice that if O is the set of all the orientations, i.e., from 0◦ to 180◦ , then the only O-convex
curves are lines, rays or segments. Next, let p and q be
two points inside a simple polygon P . We say that p
and q O-see each other, or equivalently, that they are
O-visible from each other, if there is an O-staircase
contained in P that connects p and q. Finally, the
O-Kernel of a polygon P , denoted by O-Kernel(P ),
is the subset of points in P which O-see all the other
points in P . The O-Kernel of P when the set O is
rotated by an angle θ is denoted by O-Kernelθ (P ).

Previous work. Schuierer et al. [7] introduced the
restricted orientation visibility (the O-visibility in our
case) in a simple polygon P with n vertices, giving an
algorithm to compute the O-Kernel(P ) in time O(k +
n log k) with O(k log k) preprocessing time to sort the
set O of k orientations. Later, Schuierer and Wood [8]
defined the external O-Kernel of a polygon which can
be used to compute the O-Kernel of a simple polygon
with holes. Namely, the external O-Kernel of a simple
polygon with n vertices can be determined in O(n +
k)-time with an O(k log k) preprocessing time to sort
the elements in O, while the O-Kernel of a multiply
connected polygon with n vertices and m holes can be
determined in O(n(log k + log n) + m(k + m)) time.
The computation of the O-Kernel has been also
considered by Gewali [1], who described an O(n)time algorithm for orthogonal polygons without holes
and an O(n2 )-time algorithm for orthogonal polygons
with holes. The problem is a special case of the one
considered by Schuierer and Wood [9] whose work
implies an O(n)-time algorithm for orthogonal polygons without holes and an O(n log n + m2 )-time algorithm for orthogonal polygons with m ≥ 1 holes.
More recently, for the case O = {0◦ , 90◦ }, Palios [6]
gave an output-sensitive algorithm for computing
the {0◦ , 90◦ }-Kernel of an n-vertex orthogonal polygon P with m holes, which runs in O(n + m log m + `)
time where ` ∈ O(1 + m2 ) is the number of connected
components of O-Kernel(P ).
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Preliminaries. Before we discuss our results in detail, let us review some concepts that we will exploit
in our approaches.
Let P = (p0 , . . . , pn−1 ) be a simple polygon. A reflex vertex pi ∈ P is a reflex maximum (reflex
minimum) if pi−1 and pi+1 are both below (resp.,
above) pi . A horizontal edge with two reflex vertices
also forms a reflex maximum or minimum. Next, let
C(P ) be the strip defined by the horizontal lines hN
and hS passing through the lowest reflex minimum
pN and the highest reflex maximum pS of P ; if P
does not have a reflex maximum (minimum), we take
as the highest (resp., lowest) reflex maximum (resp.
minimum) the lowest (resp. highest) vertex of P .

tain the rotating strip Cθ (P ), during the variation
of θ. More specifically, we maintain the equations of
the two parallel lines hN (θ) and hS (θ), which bound
Cθ (P ), in such a way that for a given value of θ,
the boundary of Cθ (P ), if it exists, can be computed
from these equations; see Figure 1.
As noted, Theorem 1 is valid for any orientation θ,
and thus to compute and maintain the boundary of
{0◦ }-Kernelθ (P ), we maintain the set of vertices of
the current left and right boundary chains of {0◦ }Kernelθ (P ). In addition, to maintain the set of reflex
maxima/minima up-to-date with respect to θ, based
upon the duality concept and the idea of lower and
upper envelopes of line segment arrangements [2], we
also pre-compute the sequence of so-called event intervals. All these data allow us to establish the following
theorem.

Theorem 1 [7] The {0◦ }-Kernel(P ) is the region defined by the intersection C(P ) ∩ P . Consequently, the
{0◦ }-Kernel(P ) can be computed in linear time.

Theorem 2 For an n-vertex simple polygon P , there
are O(n α(n)) angular intervals (θ1 , θ2 ) ⊆ [− π2 , π2 )
such that {0◦ }-Kernelθ (P ) 6= ∅ for all the values of
θ ∈ (θ1 , θ2 ), and the set of such intervals together with
the boundary of {0◦ }-Kernelθ (P ) can be computed
and maintained in O(n log n) time and O(n α(n))
space.


The definitions of the reflex maximum/minimum
are easily extended for any orientation θ which leads
to the definitions of the rotated strip Cθ (P ) and the
rotated kernel {0◦ }-Kernelθ (P ) = Cθ (P ) ∩ P .
2

The {0◦ }-Kernelθ (P ) of a simple polygon

In this section, for a given simple polygon P , we
deal with the rotation of the set O by an angle
θ ∈ [− π2 , π2 ) and the computation of the corresponding O-Kernelθ (P ) in the particular case of O = {0◦ }.
It is clear that there are neither reflex minima nor
reflex maxima within the rotated strip Cθ (P ) for any
rotation by θ. Moreover, the part (segments) of the
boundary of P that are inside Cθ (P ) form two Oθ convex polygonal chains bounding O-Kernelθ (P ); see
Figure 1 for an illustration.

2.1

Optimizing the area and perimeter

We first focus on the problem of optimizing the area of
{0◦ }-Kernelθ (P ), i.e., computing the value (or values)
of θ such that the area of {0◦ }-Kernelθ (P ) is maximum (or minimum). The idea is to subdivide the
previous angular intervals every time that a new vertex of the polygon enters the {0◦ }-Kernelθ (P ), in fact,
enters the strip Cθ (P ), as the angle of rotation varies.
At every such step, we decompose the increased and
decreased area into two triangles A1 and A2 , and into
two triangles B1 and B2 , respectively, as illustrated
in Figure 2, to obtain — by using simple trigonometric relations — the current area of {0◦ }-Kernelθ (P )
as a function of the angle of rotation. More specifically, the variation in the area of {0◦ }-Kernelθ (P ) is
A1 + A2 − B1 − B2 , where reflex maximum and reflex minimum vertices appearing at the algorithm for
computing the kernel do not change as the angle of
rotation varies in the current interval, say [θi , θi+1 ).
For any of those intervals, we express the area and
perimeter of the kernel as a “nice” function of an angle β ∈ [θi , θi+1 ) and obtain the maximum value of
that function in that interval.
Next, we consider the problem of computing the
value (or values) of θ such that the perimeter of {0◦ }Kernelθ (P ) is maximum (or minimum). To solve
this problem, we exploit our approach for optimizing
the area, and obtain the relevant perimeter formula
to be maximized/minimized.
All the aforementioned formulas are similar: they

Figure 1: (a) The {0◦ }-Kernelθ (P ) for θ = 0; (b) the
rotated {0◦ }-Kernelθ (P ) for θ = π8 .
In order to detect the intervals of the angles θ
such that the {0o }-Kernelθ (P ) is not empty, we main-
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Observation 4 For θ ∈ (0, π2 ), each SE-reflex vertex
of an orthogonal polygon contributes a reflex maximum and each NW-reflex vertex contributes a reflex
minimum; for θ ∈ ( π2 , π), each SW-reflex vertex contributes a reflex maximum and each NE-reflex vertex
contributes a reflex minimum.

pk+1

pN

p
q
pk

pS

Observation 4 indicates a crucial advantage of the
orthogonal polygons: in a simple orthogonal polygon P , for θ ∈ (0, π2 ) or θ ∈ ( π2 , π), the set of reflex
minima/maxima does not change through the entire
corresponding rotation; thus, the lines bounding the
strip Cθ (P ) rotate in a continuous fashion and a case
similar to that shown in Figure 3 cannot be observed.
We concentrate on the case for θ ∈ [0, π2 ); the case
for θ ∈ (− π2 , 0) is similar. First, it follows from Observation 4 that for θ ∈ (0, π2 ), only the SE-reflex
(NW-reflex, resp.) vertices contribute reflex maxima
(minima, resp.). Now, let u be the leftmost SE-reflex
vertex of the given orthogonal polygon P and let a be
the closest to u point of intersection of the downwardpointing ray ~r emanating from u with a S-edge extending to the left of ~r; similarly, let u0 be the topmost
SE-reflex vertex of P and let b be the closest to u0
point of intersection of the rightward-pointing ray ~r 0
emanating from u0 with an E-edge extending above
~r 0 . See Figure 4(b). Next, let CSE be the upper hull
of the ccw boundary chain from a to b drawn by the
blue dashed line in Figure 4(b). Similarly, by working
with the NW-reflex vertices, we define the points c
and d and the lower hull CN W of the ccw boundary
chain from c to d. Then:

Figure 2: The triangles A1 , A2 (in green), and B1 , B2
(in red).

have some constants and functions sin β and cos β.
Consequently, our approach implies the following result for the case O = {0◦ }.
Theorem 3 Given a simple polygon P with n vertices, the value of the angle θ ∈ [− π2 , π2 ) such that the
{0◦ }-Kernelθ (P ) has maximum (and minimum) area
and/or perimeter can be computed in O(n2 α(n)) time
and O(n α(n)) space.

It is worth pointing out that the number of possible
event points for computing the maximum/minimum
area/perimeter of {0◦ }-Kernelθ (P ) can be of Θ(n2 ) as
it is illustrated in Figure 3.

p4

Lemma 5 Let P be a simple orthogonal polygon and
let CSE and CN W be as defined earlier.

p3
p2
Θ(n) vertices
in the corner

(i) If there exists a SE-reflex vertex not belonging
to the ccw boundary chain from a to b or a NWreflex vertex not belonging to the ccw boundary
chain from c to d, then the {0◦ }-Kernelθ (P ) is
empty for each θ ∈ [0, π2 ].

p1

Figure 3: A point configuration such that for each
vertex pi , 1 ≤ i ≤ 4, all the Θ(n) vertices in the
corner will be scanned again.

3

(ii) If there exists a point on CSE that is vertically
above a point on CN W , then the {0◦ }-Kernelθ (P )
is empty for each θ ∈ [0, π2 ].

Simple orthogonal polygons

(iii) If no point on CSE is vertically above a point
on CN W , but CSE and CN W touch at a common
point z, then the {0◦ }-Kernelθ (P ) degenerates to
a line segment for each θ equal to the angle (with
respect to the positive x-axis) of each common
internal tangent of CSE and CN W at z, and it is
empty for all other values of θ.


Let P be a simple orthogonal polygon. Each edge of P
is a N-edge, S-edge, E-edge, or W-edge if it bounds
the polygon from the north, south, east, or west, respectively. A sequence of alternating N- and E-edges
of P is called a NE-staircase. The NW-staircase, SEstaircase, and SW-staircase are defined similarly; each
such staircase is clearly both x- and y-monotone. A
reflex vertex of P incident on a N-edge and an E-edge
is called a NE-reflex vertex , and analogously, we define NW-, SE- and SW-reflex vertices; see Figure 4(a)
for an illustration. It is not difficult to see that:

So, assume that CSE and CN W neither cross nor
touch. Let θ1 and θ2 be the angles of the internal
tangents with the positive x-axis and θ1 < θ2 . If
the y-coordinate of d is greater than the y-coordinate
of b, then θmin = 0, else θmin = θ1 . Similarly, we
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that we have θ = φ. Computing the angle φ0 as well as
doing the maximization for the rotation interval [φ, φ0 ]
takes constant time. Moreover, the number of such
intervals is O(n) because the lines bounding Cθ (P )
rotate in a continuous fashion and they slide monotonically along CSE and CN W . Therefore:

u'
u

Theorem 7 Given a simple orthogonal polygon P ,
computing the {0◦ }-Kernelθ (P ) as well as finding an angle θ such that its area/perimeter is
maximized/minimized can be done in linear time
and space.


Figure 4: (a) Vertices a, b, c, d are, respectively, a NE-,
NW-, SW-, and SE-reflex vertices. (b) Computing the
{0◦ }-Kernelθ (P ) for θ ∈ [φ, φ0 ].

4

Final remarks

Our approach in Section 3 can be extended to O =
{0◦ , 90◦ } for the particular case of orthogonal polygons, where it suffices to consider θ ∈ [0, π2 ). However,
the case of arbitrary polygons as well as the case of arbitrary set of orientations remains an open question;
this is our ongoing research.

define θmax to be equal to π2 if the x-coordinate of a
is greater than the x-coordinate of c, else θmax = θ2 .
For example, in Fig. 4(b), θmin = 0 and θmax < π2 .
Lemma 6 The {0◦ }-Kernelθ (P ) where θ ∈ [0, π2 ] is
not empty if and only if θ ∈ [θmin , θmax ].


Theorem 8 Given a simple orthogonal polygon P ,
the value(s) of the angle θ ∈ [0, π2 ) such that
the {0◦ , 90◦ }-Kernelθ (P ) has maximum/minimum
area/perimeter can be computed in linear time
and space.


Based on Lemmas 5 and 6, below we outline the algorithm to compute an angle θ ∈ [0, π2 ] such that the
area/perimeter of the {0◦ }-Kernelθ (P ) is maximized;
we work similarly for minimizing these objective functions.
We start by computing points a, b, c, d and convex
chains CSE and CN W . We check if the conditions
of Lemma 5 hold and if positively verified, we handle
these special cases as the lemma indicates. Otherwise,
from the common internal tangents of CSE and CN W ,
we compute θmin and θmax . We start at θ = θmin and
we explicitly compute the {0◦ }-Kernelθmin (P ) and its
area, which is the current area maximum.
As in Section 2, we break the rotation into rotation
intervals, in each of which the kernel involves the same
reflex minimum and maximum and the same edges of
the polygon. Such an interval ends at the minimum
angle in which either the current reflex maximum or
minimum changes (i.e., it moves to the next vertex of
the chains CSE or CN W , resp.) or a vertex is encountered by one of the rotating parallel lines bounding
the strip Cθ (P ). The area/perimeter is maximized in
such an interval [φ, φ0 ] by taking into account the corresponding quantities of {0◦ }-Kernelφ (P ) and of the
two green triangles and the two red triangles as shown
in Figure 4(b). The area (perimeter, resp.) of each of
these four triangles depends linearly on tan θ or cot θ
((1 + sin θ)/ cos θ or (1 − cos θ)/ sin θ, resp.).
Computing the chains CSE and CN W can be done
in O(n) time [4]. Checking the conditions of Lemma 5
can also be done in O(n) time by traversing in lockstep fashion the chains CSE and CN W , which are
x-monotone, as can the computation of the angles
θmin , θmax . Computing the area of the kernel at the
minimum angle θmin takes O(n) time. Now, suppose
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Abstract

Another famous triangulation is the minimal weight
triangulation, which minimizes the sum of the length
of its edges. The Delaunay triangulation may fail to
be a minimal weight triangulation by a factor of Θ(n)
where n is the size of S [7].
A property that is very important in areas like
graphics and computer aided geometric design is
affine invariance. In the context of triangulations,
consider a triangulation algorithm T , which given a
point set S computes a triangulation T (S). We say
that T is affine invariant if and only if for any invertible affine transformation α (see Section 2 for a formal
definition), the triangulations α(T (S)) and T (α(S))
are the same; i.e., triangle 4pqr is in T (S) if and
only if triangle 4α(p)α(q)α(r) is in T (α(S)). Note
that α is not known to the triangulation procedure.
It is easy to see that neither the Delaunay nor the
minimal weight triangulation is affine invariant in general. This is because non-uniform stretching can make
a point previously outside of a circumcircle become
inside, or increase edge lengths non-uniformly.
Affine invariance is also important in the analysis
and visualization of data, to guarantee for instance
that different units do not influence the triangulation computed. For this reason, Nielson [8] defined
an affine invariant normed metric AS of a point set S,
denoted AS -norm, where for each point v ∈ S and any
affine transformation α, AS (x) = Aα(S) (α(x)). The
AS -norm produces ellipses (see Fig. 1) as the AS -norm
disk and using this notion Nielson [9] defined an AS Delaunay triangulation that is affine invariant. Nielson’s approach does not distinguish if the point set
is rotated or reflected. While this is not an issue to
obtain an affine invariant Delaunay triangulation, it
makes the method unsuitable to construct other triangulations or geometric objects, like the ones discussed
in Section 4.
Surprisingly, it seems that this variant of the Delaunay triangulation, and the whole topic of affine invariant geometric constructions, has gone unnoticed
in the computational geometry literature.
In this work we revisit the AS -norm and explain the
geometry behind it in order to understand how the
AS -Delaunay triangulation behaves. We show that
such triangulations have a spanning ratio related to
the spanning ratio of standard Delaunay triangula-

We study affine invariant triangulation methods.
That is, methods that produce the same triangulation for a point set S as for any (unknown) affine
transformation of S. Our work is based on a method
by Nielson [8, 9] that uses the inverse of the covariance matrix of S to define an affine invariant norm,
denoted AS , and an affine invariant triangulation, denoted DT AS [S]. We revisit the AS -norm from a geometric perspective, and show that DT AS [S] can be
seen as a standard Delaunay triangulation of a transformed point set based on S, thus it retains all of
its well-known properties. In addition, we provide an
affine invariant radial order method of a point set S
that can be combined with a version of Graham’s scan
to obtain other affine invariant triangulation method.
1

Introduction

A triangulation of a point set S in the plane is a geometric graph such that its vertices are the points
of S and all of its faces (except possibly the exterior
face) are triangles. Triangulations of point sets are
of great interest in different areas such as approximation theory, computational geometry, computer aided
geometric design, among others [2, 3, 4]. In particular, the computation of triangulations that are optimal with respect to certain criteria have been widely
studied. One of the most popular triangulations is
the Delaunay triangulation, denoted DT [S], defined
by having a triangle between any three points in S if
their circumcircle contains no other point of S. This
triangulation has the property that it maximizes the
minimum angle of all the angles of the triangles in
the triangulation, which allows it to avoid narrow triangles. Other properties include the containment of
the minimum spanning tree, closest pair of points,
and being a constant spanner. For a survey see [1].
∗ Email:
jit@scs.carleton.ca.
Research supported by
NSERC.
† Email: m.pilar.cano@upc.edu.
Research supported by
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‡ Email: rodrigo.silveira@upc.edu. Research supported by
MINECO through the Ramón y Cajal program and by projects
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2. preserves parallelism between lines (line segments),
3. maps a simple n-gon to a simple n-gon,
4. preserves the ratio of lengths of two parallel line
segments,
5. preserves the area ratio of any two polygons, and
6. maps the mean of S to the mean of α(S).

(a) Point set S

Using similar arguments as the ones for showing
Properties 4 and 5 in Proposition 1, it can be shown
that the order types are preserved up to a change
of sign. This is shown by checking for each triple
u, v, w ∈ S, the signed area of the triangles 4(uvw)
and 4(α(u)α(v)α(w)) given by the cross product
in the following equation α(u − v) × α(w − v) =
det(M )((u − v) × (w − v)).
Let S = {v1 , v2 , . . . , vn } be an n-point set in the
plane where the coordinates of each point vi ∈ S are
denoted vi = (xi , yi ).
Nielson [8] defines an affine invariant normed metric, denoted AS -norm, in the following fashion.
Let

(b) Point set S 0

Figure 1: The point set S 0 is an affine transformation
of S. Each color of the ellipses represents the ellipse
centered at the red point (mean) and containing the
corresponding point of each transformation.
tions. In addition, we show how to use the AS -norm
in order to compute different affine invariant orderings
of a point set (radial order, sweep line ordering, and a
polygon traversal ordering). Using these affine invariant orderings as subroutines, we can adapt standard
geometric algorithms for computing a triangulation of
a point set or a polygon to become affine invariant.
Due to space constrains we only focus on radial orderings of a point set and present an application to a
variation of Graham triangulations.
2

n
X

µx =

n
X

xi

i=1

,

n

µy =

i=1

n

n
X
(yi − µy )2

σy2 =

Preliminaries

A norm is a nonnegative function ρ : X → R+ with
the properties that for all λ ∈ R+ and u, v ∈ X:
(a)ρ(u + v) ≤ ρ(u) + ρ(v), (b) ρ(λv) = λρ(v) and, (c)
if ρ(v) = 0 then v = 0 is the zero vector. A metric
is a nonnegative function d : X × X → R+ where
X is a set such that for all u, v, w ∈ X the following
properties hold: (a) d(u, v) = 0 ⇐⇒ u = v, (b)
d(u, v) = d(v, u) and, (c) d(u, w) ≤ d(u, v) + d(v, w).
When a metric defines a norm, then it is called a
normed metric. Let N be a normed metric, then the
N -disk DN centered at c ∈ X with radius r is the set
of points in X at N -distance r from c, i.e., DN = {x :
x ∈ X and N (x−c) ≤ r}. When the radius is 1 then
we call it a unit N -disk. An affine transformation
α : X → Y is of the form α(x) = M x + b where
X is an affine space map to another affine space Y ,
denoted Y = α(X), and M is a linear transformation
on each vector x in X plus a translation by vector b
in α(X). The following proposition states some well
known properties of affine transformations that are
invertible, i.e. det(M ) 6= 0.

i=1

n

,

n
X
(xi − µx )2

yi

σxy =

,

σx2 =

i=1

n
n
X
(xi − µx )(yi − µy )
i=1

n

.

Note that µ = (µx , µy ) is the barycenter of
S.
The covariance matrix of
 a point set S
σx2 σxy
and the matrix
is defined as Σ =
σxy σy2

 2
−σxy
σy
Σ−1 = σ2 σ21−σ2 ·
is the inverse of Σ.
x y
xy
−σxy
σx2
Then, the AS -norm
metric is defined as,
 
x
AS (x, y)=(x, y)Σ−1
.
y
−1
The matrix Σ
is also known as the concentration matrix which defines a norm with respect to
the normal distribution defined by S. The eigenvectors of Σ define the principal orthogonal directions of
how spread is the point set with respect to its mean
(barycenter) µ = (µx , µy ). In other words, if we compute the Gaussian manifold defined by the bivariate
normal distribution given by the point set S and then
cut the Gaussian manifold with a plane parallel to the
plane z = 0, then we obtain an ellipse. See Figure 1.
Such an ellipse has principal orthogonal axes defined
by the eigenvectors of Σ. Thus, an AS -disk will be defined by a homothet of the resulting ellipse where the
unit AS -disk will be represented by the ellipse with
principal axes being parallel to the eigenvectors of Σ
and the magnitude of each principal axis will be given
by the root of the eigenvalue of the corresponding unit
eigenvector.

Proposition 1 Let α(x) = M x + b be an affine invertible transformation on the affine space X and a
point set S in X. Then the function α
1. maps a line (line segment) to a line (line segment),
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The N -Delaunay triangulation of S, denoted
DT N [S], is defined in the following fashion. For any
three points pi , pj , pk in S add the triangle 4(pi pj pk )
if there exists an N -disk containing the three points
on its boundary and there is no other point of S in
its interior. In particular, the Euclidean distance is
defined by the L2 -norm which has as L2 -disk a circle.
So, the L2 -Delaunay triangulation is the standard Delaunay triangulation, simply denoted DT [S]. We say
that a point set S is in general position if no three
points are collinear and that all of the points in S are
at different AS -norm distance from the mean µ.
Using that the AS -disk is an ellipse, Nielson uses
the AS -Delaunay triangulation of a point set S and
shows the following Theorem.

straightforward properties are that the DTAS [S] contains a perfect matching when |S| is even, and that
the graph is 1-tough.
Given a weighted graph G = (V, E) and real number t ≥ 1, a t-spanner of G is a spanning subgraph G0
such that for every edge xy in G, there exists a path
from x to y in G0 whose weight is no more than t times
the weight of the edge xy in G. When G0 is a t-spanner
of the complete graph and each edge is weighted with
its Euclidean length, we denote t = sr(G0 ) and we
simply say that G0 is a spanner if sr(G0 ) is finite. The
following theorem shows that DTAS [S] is a spanner.
Theorem 4 Let S be a point set in general position and let Σ = QΛQT be the covariance matrix of S. Let λmax and λmin be the maximum
and minimum eigenvalues of Σ, respectively. Then,
 12

1
·sr(DT [(QΛ 2 )−1 S]).
sr(DTAS [S])≤ λλmax
min

Theorem 2 (Nielson [9]) The triangulation represented by DTAS [S] is affine invariant.
3

The AS -Delaunay triangulation revisited

Proof. Let S 0
dard Delaunay
points u, v ∈
from
u to v
P

In this section we discuss the connection between
the standard Delaunay triangulation and the AS Delaunay triangulation.
Consider the 2 × n matrix N such that for each
point v in S there is one column in N represented by
the vector v − µ. Note that Σ = n1 N N T . So, if a
point set S 0 = α(S) and α(v) = M v + b with v ∈ S,
is an affine transformation of the point set S, then its
mean is given by α(µ) and the covariance matrix Σ0
of S 0 is given by Σ0 = M ΣM T .
Since S is in general position, det(Σ) 6= 0. Thus, Σ
is invertible. Moreover, since Σ is a square symmetric
matrix, Σ = QΛQT where Q is the matrix of eigenvectors of Σ, Λ is the diagonal matrix of eigenvalues
and Q−1 = QT . Therefore, we can also rewrite the co1
1
variance matrix as Σ = (QΛ 2 )(QΛ 2 )T . Moreover, Q
1
represents a rotation matrix and Λ 2 the scaling factor
of a point set with covariance matrix as the identity
matrix I. Looking carefully at this representation of
1
Σ and Σ0 above we obtain that (QΛ 2 )−1 S is an affine
transformation of S with I as its covariance matrix.
1
Thus, the A
-norm is given by I, which has
(QΛ 2 )−1 S
as unit disk the unit circle. This implies that the
1
1
A
-Delaunay triangulation of (QΛ 2 )−1 S is
2 −1
(QΛ )

(pi ,pj )∈δuv

1

= (QΛ 2 )−1 S. DT (S 0 ) is a stantriangulation.
For any pair of
S 0 let δuv be a shortest path
contained in DT (S 0 ).
Thus,

d(pi ,pj )

≤ sr(DT [S 0 ]). Note that the
only thing that changes the spanning ratio is
when the graph DT (S 0 ) is stretched with different scaling factors in the x- and y-coordinates.
As discussed previously, such scaling is defined
by the square root of the eigenvalues of Σ given
in the diagonal matrix Λ. Hence, for any pair
1
1
1
2
·d(u, v)
u, v ∈ S 0 we have that d(Λ 2 u, Λ 2 v)≤λmax
d(u,v)

1

1

1

2
and
d(Λ 2 u, Λ 2 v)≥λmin
·d(u, v).
1
λmax 2
sr(DT AS [S])≤( λmin ) ·sr(DT [S 0 ]).

4

Therefore,


An affine invariant Graham triangulation

One of the most popular algorithms for computing
the convex hull of a point set S is Graham’s scan [6].
A property of this algorithm is that a modification of
the algorithm can also produce a triangulation, sometimes called the Graham triangulation [5]. In this
section we present an affine invariant version of Graham’s scan using the AS -norm metric. Our method
is based on the algorithm for Graham triangulation
by Fabila-Monroy et. al. [5]. Their method consists
of choosing a point and adding edges from such point
to the rest of the points, then the edges are added by
radially checking the visibility of each point.
The Graham triangulation can be computed in linear time when S is radially ordered. Moreover, since
the edges of the triangulation are added according to
the radial order of S, it follows that if the radial order is affine invariant, then the triangulation is affine
invariant. Notice that mapping S to the Euclidean
distance in the AS -norm and then radially sorting

(S)

1

given by the L2 -Delaunay triangulation of (QΛ 2 )−1 S,
which together with Theorem 2 proves the following
proposition.
Proposition 3 Let S be a point set in general position in R2 and Σ = QΛQT its covariance matrix.
1
Then DT [(QΛ 2 )−1 S] = DTAS [S].
A nice implication of Proposition 3 is that the AS Delaunay triangulation behaves in many ways like
a standard Delaunay triangulation. For instance,
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p1

p1

→ Thus, the direction will change on the
as q from −
pµ.
algorithm and the order will be preserved.


p2

p2
p3
p6

p3
p0

p4

p5

p6

Computing µ, p, q takes linear time and sorting
points radially takes O(n log n) time. Thus, using
RadiallyOrder, an affine invariant Graham triangulation can be computed in O(n log n) time.

p0

p5

p4

5

Figure 2: An affine invariant ordering of the point sets
S (left) and its affine transformation S 0 =α(S) (right).

Conclusions

In this paper we initiated the study of affine invariant
geometric algorithms, a topic absent in the computational geometry literature. We revisited Nielson’s
affine invariant Delaunay triangulation, and proposed
affine invariant point sorting methods, which are necessary for other affine invariant geometric constructions. Our methods heavily rely on being able to distinguishing three points. To this end, we used the
AS -norm. However, for this we had to require that
all the points are at different AS -distances from the
mean. An interesting open question is to what extent
such restriction can be removed, while still being able
to distinguish rotations and reflections.

is not enough since for any affine transformation α
1
1
the (QΛ 2 )−1 S an (Q0 Λ0 2 )−1 α(S) are the same up
to rotations and reflections, where Σ = QΛQT and
Σ0 = Q0 Λ0 Q0T are the covariance matrix of S and
α(S), respectively. We show that the following radial
order is affine invariant.
RadiallyOrder(S): Let µ be the mean of S, p
be the AS -closest point to µ. Let q be the second
AS -closest point to µ if it is not on the line defined
by µ and p. Otherwise, let q be the third AS -closest
→ then sort S
point to µ. If q is on the right of −
pµ,
−
→
clockwise radially from pµ and p0 = p. Otherwise,
→ and p = p
sort S counterclockwise radially from −
pµ
0
(see Fig. 2).
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Proof. [sketch] Let S be a point set in general position and let µ and p be the mean and AS -closest point
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points; ii) the facilities to be placed in continuous
space while representing demand as discrete points;
iii) both the demand and location of the facilities in
the continuous space. However, most of the solutions
that consider a continuous domain model start partitioning the demand into several small regions which
are considered to be either completely covered or uncovered by the disk. In fact, partial coverage has
been studied on rectangular demand and rectangular
service zones in [1], and in [7] with a single circular
service zone and an unconnected domain with holes
bounded by linear or linear segments. Since finding
a solution to the problem in any of these cases is not
trivial there are several papers that deal with the single source problem. The single and multiple source
cases assuming that facilities are located in a discrete
set are studied in [9] and [12], respectively. In [13], facilities can be located anywhere in the plane and the
demand is present everywhere. The problem of these
solutions is that they introduce significant errors because partial coverage is not taken into account in the
objective function [14], and hence it does not actually
maximize coverage.
In the computational geometry field, related problems have also been studied. For instances, an algorithm to compute the maximum overlap between
two simple polygons P and Q with n and m vertices in O(n2 m2 ) time is provided in [11]. An algorithm to approximate the maximum overlap using
random sampling techniques is presented in [4]. Finally, in [3] an algorithm to approximate the maximum overlap of two polygons P and Q with multiple
holes in O(n2 ε−3 log1.5 n log(n/ε)) time where n denotes the total number of vertices in P and Q. If
one of the two polygons is convex the running time
is O(n log n + ε−3 log2.5 n log((log n)/ε)) and the additive error of the solution, with high probability, is
ε · area(P ).
Solving exactly the continuous maximal covering
problem, even for locating a single facility, is difficult
and computationally very expensive because an infinite number of locations must be considered, both
for the demand of service and for the installation of
the facilities [9, 14]. Therefore, standard optimization techniques for solving discrete location models

Abstract
We present an approach to determine where to locate
k disks so that they globally cover as much area of
a polygonal domain as possible. The approach takes
advantage of the parallel capabilities of the GPU to
accelerate the process. We also present some preliminary experimental results.
1

Introduction

Location science is concerned with the placement of
a limited set of facilities in order to optimize (minimize or maximize) at least one objective function:
coverage, cost, travel distance, etc. A large number
of problems locating facilities use the concept of coverage. A demand is covered by a facility if the distance
or travel time between the demand and the facility is
less than a certain predetermined value called the coverage radius. The problems of coverage are of great
applicability when planning the location of facilities
for both public and private sectors. Often, complete
coverage of all demand in a region is not possible due
to budgetary limitations on the number of facilities
that can be sited. Thus, limited resources must be
efficiently managed and regional demand should be
covered to the greatest extent possible.
1.1

Previous work

The maximal covering location problem (MCLP),
that was introduced by Church and ReVelle [5], seeks
to identify the locations for a specific number of facilities in such a way that the coverage is maximum
within a desired service distance. In many cases, a
demand point is considered covered if it lies inside the
disk centered on a facility with radius equal to the
specified service distance. Since the MCLP is NPHard [10], various heuristic methods which provide
approximate solutions have been proposed. There are
works that consider: i) both the demand and the location of the facilities to be defined by finite sets of
∗ Email:
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are not applicable to the CMCP, and new efficient
methods are required to solve it. In this work we want
to explore the parallel capabilities of the GPU to analyze multiple candidate points in parallel to accelerate the process. The programmability and high computational rates of graphics processing units (GPU)
make them a powerful platform for computationally
demanding tasks where it is needed to process a large
amount of data or perform a lot of operations. Parallel processing capability of the GPU allows to split
complex computing tasks into thousands of smaller
tasks that can be run simultaneously. It allows to
solve the problem in a fraction of the time required
by the CPU. Hence, the general purpose computing
on GPUs (GPGPU) has become a way to reduce execution times. It is being used by many researchers
in several computational fields ranging from numerical computing operations and physical simulations to
knowledge discovery, data mining and bioinformatics
geometry processing [8, 2].
1.2

location by maximizing an objective function whose
value can be computed quickly. Thus, we consider the
following objective function that potentiates the overlap between the discs and the polygon and penalizes
the overlap between the discs.
Obj(x) =

Area(P ∩ D(xi , r))−

i=1

−

k−1
X

k
X

Area(D(xi , r) ∩ D(xj , r))

i=1 j=i+1

Hence, our aim is to heuristically determine the location xopt that maximizes Obj. Note that the objective function only takes into account the overlap
between pairs of disks. In this way the problem can
be solved in a reasonable time.
1.3

Simulated annealing

Simulated annealing (SA) is a heuristic technique for
approximating the global minimum/maximum of a
function Obj(x), called energy, that tries to imitate
the annealing process used in metallurgy. At each
step, the SA considers some new state x0 close to the
current state x, and probabilistically decides between
staying at x or moving to x0 . This step is repeated until the energy of the current state is low/great enough,
or until a given maximum number of steps is reached.
The probability of transition from x to x0 depends
on Obj(x), Obj(x0 ) and a global parameter T called
temperature that decreases with respect the number
of steps.

Problem formalization

In this paper we focus on the multiple-facility case of
the continuous maximal covering problem with the assumption of uniformly distributed demand on a polygonal domain that may have holes. We consider k disklike service areas of radius r, one for each facility. We
take into account partial coverage, facilities can be located anywhere on the plane and their service areas
are not necessarily completely contained within the
polygonal domain. See Figure 1 for a motivational
example (the disks configuration in b) is hand made).

1.4

a)

k
X

Algorithm overview

In a preprocess step we compute the overlapped areas
of a set of H × W basic disks of radius r in parallel.
Then we obtain an initial placement xini for the k
disks. Finally the initial configuration xini is evaluated by the presented objective function Obj(x) and
perturbed in parallel. The best of the analyzed configurations is the one presented as the best location
in order to cover as much as possible P with k disks
of radius r.

b)

Figure 1: a) Polygonal domain to be partially covered
by facilities with circular service coverage; b) Domain
partially covered by three facilities

2

Algorithm description

In this section we describe in detail the proposed algorithm that can be divided into two parts. An initial
step where we compute the overlapped area of the
H × W basic disks, and the determination of the best
configuration of the k-disks.

We denote by P the polygonal domain to be covered, by B the bounding box of P, r the radius of
disk-like services and by B 0 the amplified bounding
box B with an offset of size r. Moreover, we denote
by D(c, r) the disk of center c and radius r and by
x = (x1 , · · · , xk ) each configuration of k centers xi
with i = 1 . . . k.
Finding the optimal location of these k disks is an
NP-hard problem. Hence, we provide an heuristic
method that allows us to approximate this optimal

2.1

Overlapped area computation

Computing the overlapped area between a disk and
the polygonal domain is not trivial when partial coverage is taken into account. We compute it by using the
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algorithm presented in [6] that exactly computes the
area of the intersection between a disk and a polygonal domain with holes and unconnected regions.
In the presented proposal we want to take advantage of placing k disks of the same radius r. We start
computing the area of the overlap of P by a set of
H × W disks in an initial step that will be used later
to infer the overlapped area of the considered disks.
We use a H × W regular grid placed on the bounding box of P enlarged by r. We consider the centers
of its cells as centers of the disks. Their covered areas are computed in parallel in the GPU at the very
beginning.
We use a kernel that has as input: i) the bottom-left
corner of the bounding box of P; ii) the length and
width of the grid cells; and iii) the domain P stored in
two arrays, one with the vertices coordinates and the
other describing its components and holes (see [6] for
further details). This kernel is executed by a H × W
grid of threads and each thread is identified by a two
dimensional integer index (idx , idy ) ∈ [0, H) × [0, W )
that directly associates it to a cell of the considered
grid. Each thread computes the center c of the cell it
represents and then computes the area of P covered
by the disk centered in c. The area is computed by
using the algorithm in [6] and then stored in a H · W
array associated to the grid (linearized in a row first
fashion). The array of areas is the kernel output, the
grid cell centers are not stored because are never used.
2.2

where p is random value between 0 and 1. Further, also at each step, the temperature T is updated by αT . Once finished the n steps the thread
updates Objmax according to Obj(xbest ) as follows.
The value of Obj(xbest ) in set to Objmax whenever
Obj(xbest ) > Objmax by using a read-write atomic
maximum operation to avoid interference from different threads. Then, threads are synchronized and each
thread checks whether its Obj(xbest ) equals Objmax .
In this case, it stores its id in idopt , a global integer
variable. Finally, threads are synchronized again and
the thread with id equal to idopt stores its xbest in
xopt . We need to use idopt to avoid again interference
between threads when storing the two real values of
xbest .
2.3

Obj function value computation

The H × W areas computed in the preprocess stage
are stored in a CUDA-texture to take advantage of the
fetching functions they support to extrapolate information from their values. CUDA-textures allow the
typical fetching methods of OpenGL textures.
Hence, instead of exactly computing the value
Area(P ∩ D(c, r))) of an arbitrary disk D(c, r) of
center c, it is approximated extracting it from the
texture. CUDA-textures allow to approximate it by
Area(P ∩ D(c0 , r)), being c0 the closest center to c
among the H × W analyzed ones. But they also allow
to approximate it using bilinear interpolation from the
neighboring centers.
our case the threads approximate each term in
PIn
k
i=1 Area(P ∩ D(xi , r)) using bilinear interpolation
from the initial areas and exactly computes the k(k +
1)/2 intersection areas D(xi , r) ∩ D(xj , r) of each pair
of the k disks involved in x.

Best configuration determination

In order to heuristically determine where to place each
one of the k disks we use a technique similar to the
simulating annealing but analysing M configurations
in parallel and computing the best of the analyzed
options.
The parallel SA is done by a CUDA kernel run by
a single block of M threads that uses as input a number of steps n, a configuration xini , a radius R and
the temperature T = kπr2 . The radius R is used
to create a new configuration by perturbing a previous one. The kernel returns as output the optimal
location found xopt and the maximum value of the
objective function found Objmax . Then, each thread,
that is identified with its id, starts with x = xini ,
xbest = xini and, at each step, a new configuration
x0 = (x01 , · · · , x0k ) is computed by perturbing the configuration x = (x1 , · · · , xk ) by taking each new center
x0i as a random point in the disk D(xi , R). Then, xbest
is updated by x0 if

3

Experimental results

The algorithms have been implemented in C++, for
the parallel part Cuda C has been used and the visualization is done by using OpenGL. The running times
presented in this section have been obtained using a
Inter(R) Core(TM) i7-4790CPU with a Tesla k40 active GPU.
We have run the algorithm with a polygonal domain
with holes defined by 488 vertices that corresponds to
Dublin from Ohio. This domain has also been used in
[14] and has one single component with 13 holes (see
the red polygon of Figure 2, the internal polygons
define the holes). The regular grid of areas computed
at the preprocess stages is of 807 × 884 and covers
the bounding box of the considered polygonal domain
with an r-offset reescaled and traslated to [−1, 1] ×
[−1, 1].
We tested the algorithm with several parameters α,
n and R (R is set taking into account that finally the

Obj(x0 ) > Obj(xbest ) ,
and x is updated by x0 if
Obj(x0 ) > Obj(x) or p < exp((Obj(x0 )−Obj(x))/T ) ,
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4

domain is contained in [−1, 1]×[−1, 1]) . After several
tests we found that the parallel SA worked better if:

Conclusions and further work

We presented a framework to determine the location of k disks on a bounding according to an objective function that potentiates the overlap between
the disks and the polygon, but prevents from having
areas covered by several disks. The presented experimental results are preliminary experimental results,
the algorithm works well for sets of up to 30 circles
but it has to be improved when the number of disks
increases. We also want to consider disks of different
radii.

• the reduction T to αT was done every 10 steps
with α = 0.95
• it was subdivided in two phases: the first phase
with R = R0 = 0.7 − r and n = 50 being (0, 0)
the center of all disks of the initial configuration,
while the second fase with R = R0 /5 and n = 450
and the initial configuration of the second phase
the best configuration of the first phase.
In Figure 2a) we present the obtained solutions
when trying to locate 20 disks with radius r = 0.2.
The value of the objective function of the obtained
solution is 1.94, meanwhile the area of the domain
is 2.28. In Figure 2b) we placed only 5 disks of radius r = 0.25 and we obtained an optimal solution:
the disks are disjoint and contained in the domain
(the objective function value is 0.982 which coincides
kπr2 ). The time needed to obtain these solutions was
2.1(s) to obtain the solution presented in a) and 0.3(s)
the one in b) once the preprocess stage was been done.
In both cases computing the grid where the areas are
stored took 3.0(s).
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have been proposed [7].
The collision detection and resolution for a group of
UAVs or drones has been recently addressed [1]. Several strategies have been proposed so far, the collision
cone approach [4], the rolling horizon policy method
[9] or a distributed dynamic optimization approach
[6], to name a few. One method to resolve conflicts
among UAVs based on speed assignment is proposed
in [2]. In this paper, we consider a centralized method
based on changing the directions of the aerial vehicles when a collision is detected. The idea is: each
UAV has assigned a discrete set of directions (cone
of directions) and a collision free allocation is computed in a centralized way. In practical applications,
when a small team of vehicles is used, the efficiency
of the algorithms is a really important matter, since
they must solve real-time collision conflicts. Thus, we
study the geometric properties of this discrete version of the collision avoidance problem and propose
efficient algorithms for some variants of the problem.

Abstract
In this paper we address the n-UAVs reciprocal collision avoidance problem, where multiple aerial robots
need to avoid collisions with each other while moving
on pre-fixed straight lines in a common workspace.
We use a local strategy based on turn-angle assignment in which the conflict is resolved by changing
the directions of aerial vehicles. When the conflict is
detected, each robot generates k turn maneuvers (velocity vectors) and the problem is to decide if there
exists a free collision assignment. Based on geometric
properties of the problem we design efficient decision
algorithms for a small group of UAVs (n << k).
1

Introduction

Multiple Unmanned Aerial Vehicles (UAVs) present
important advantages to carry out different cooperative missions such as surveillance, mapping, data collection, fire detection and monitoring, etc. In these
scenarios a team of mobile robots need to avoid collisions with each other while moving in a common
workspace. Thus, the Multi-body Collision Avoidance problem is a fundamental task in robotics.
The general problem of avoiding collisions between
an autonomous vehicle against obstacles in motion
has been demostrated to be NP-Complete [8]. As
a consequence, many optimization problems in this
area are NP-hard. Several challenging optimization
problems arise when maximizing the efficiency while
maintaining safety in air traffic management operations. See [5] for a broad survey. Many of these investigations remain active and geometric algorithms

2

Problem statement
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The problem addressed in this paper is defined as follows. Given a set of n aerial vehicles V0 , . . . , Vn−1
sharing a convex environment Q. At a given time,
each UAV has assigned a particular set of k directions and collisions between them have to be avoided
by selecting simultaneously one of its k flight directions. Each vehicle has constant speed and rectilinear
movement, so, if a vehicle V is moving from position
p with velocity v then, after time t its position is:
V (t) = p + tv. This can be assumed for practical applications, when the collisions are locally resolved in
a small time interval. Also, in our model, we do not
take care about wind or any other external factors.
Also kinematics and dynamics laws are ignored.
Formally, the problem can be expressed as follows:
Collision Avoidance (n, k)

This research has received funding from the projects
GALGO (Spanish Ministry of Economy and Competitiveness, MTM2016-76272-R AEI/FEDER,UE) and
CONNECT (European Union’s Horizon 2020 research and innovation programme under the Marie Sklodowska-Curie grant
agreement No 734922).

Input: P, H0 , . . . , Hn−1
Where Q ⊃ P = {p0 , p1 , . . . , pn−1 } is the set of
initial positions of the n vehicles (pi is the initial
position of Vi ). And, Q ⊃ Hi = {vi,0 , . . . , vi,k−1 }
is the set of the k possible velocity vectors of Vi .
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Assume that ||vi,j || = ||vi,m || for all 0 ≤ i < n
and 0 ≤ j, m < k. That is, all the velocity vectors
of a vehicle have the same norm (however, notice
that the norm of the velocities of two different
vehicles could be different).

V1

H1

Output: S = (v0,j0 , . . . , vn−1,jn−1 ) ∈ H0 ×· · ·×Hn−1
such that vi,ji ∈ Hi is the velocity vector assigned
to Vi and for every pair of vehicles, they do not
collide in Q if they follow the assigned velocities.
If such allocation is not possible then S = ∅.

V1

p1

v0,i
p0

V0

H̃1
p0

V0

Figure 1: The geometric transformation M(v0,i ) for
vehicles V0 and V1 . V0 becomes an obstacle for V1 .

Remark 1 For simplicity, we model each UAV by a
sphere with fixed radius r. Hence, two vehicles Vi and
Vj with velocities v ∈ Hi and w ∈ Hj collide if there
exists t > 0 such that d(pi + tv, pj + tw) ≤ 2r1 .

Theorem 2 Collision Avoidance (n, 2) can be
solved in O(n2 ) time.
4

The approach proposed in this paper can also be
applied to other geometries2 . The only difference is
the collision detection algorithm, which is assumed
here to be solved in O(1) time for two vehicles.
We conjecture that Collision Avoidance (n, k) is
NP-Complete. In this paper, the goal is to efficiently
solve some particular cases, for example, when the
parameter n is small. In many applications, a small
group of UAVs (between 4 and 8) is used to cover the
terrain and, in this case, the asymptotic complexity
of our problem depends on k. First, notice that an
exhaustive approach spends O(k n n2 ) time. In this
study, we explore different variants of the problem
and analyze their geometrical properties in order to
provide more efficient algorithms.
3

M(v0,i)

p1

Geometric transformation

We introduce the main tool that allows us to efficiently solve the collision avoidance problems.
Consider the geometric transformation M(v) transforming V (t) into Ve (t) = V (t)−tv (a translation with
direction −v in every instant t). Applying this mapping to two vehicles V0 and V1 with velocities v0,i
and v1,j , 1 ≤ i, j ≤ k, we have the new UAVs movef0 (t) = V0 (t) − tv0,i = p0 ; V
f1 (t) =
ment equations: V
V1 (t) − tv0,i = p1 + t(v1,j − v0,i ).
Notice that with M(v0,i ) the vehicle V1 moves according the direction v1,j −v0,i and vehicle V0 remains
static, that is, it becomes a static obstacle for V1 . Figure 1 illustrate this transformation in 2D.
Let si be the speed of Vi , that is, si is the norm
of the velocities of Vi (recall that si = ||vi,j || for all
vi,j ∈ Hi ). Notice that if si < sj then Vj is faster
than Vi .

Collision Avoidance (n, 2)

Assume each vehicle has two possible velocity vectors.
Let vi and ¬vi denote the two velocity vectors of Vi .
Consider xi ∈ {vi , ¬vi } as the velocity assigned to Vi .
Then, the intersection test between Vi and Vj can be
written as the conjunction (xi ∧ xj ) which is true iff
Vi and Vj collide inside Q.
With this map, the collision avoidance corresponds
to the simultaneous negation of every conjunction
clause. That is, ¬(xi ∧ xj ) = (¬xi ∨ ¬xj ). Hence,
there exists a solution to Collision Avoidance
(n, 2) iff the following
V formula can be satisfied:
F (x0 , x1 , . . . , xn−1 ) = i6=j (¬xi ∨ ¬xj ).
This problem is equivalent to determine a truth
value assignment which satisfies a CNF (conjunctive
normal form) formula with n literals and two literals
per clause, that is, the well known 2-SAT problem
which can be solved in linear time on the number of
variables [3]. Since intersections between all the vehicles can be calculated in O(n2 ), we have:

Lemma 3 Consider Q as a subset of the 2D space.
Let V0 and V1 be two vehicles such that s0 ≤ s1 . Let
f1 be the set of velocities of V1 after
v0,i ∈ H0 . Let H
applying the mapping M(v0,i ). The radial ordering
f1 with respect to p1 is the same (see
of H1 and H
Figure 1).
The previous lemma can be extended to a threedimensional space considering some topological ordering of the velocities with respect to p1 instead of a 2D
radial ordering.
5

Vehicle-Point case (r = 0)

In this section we model vehicles as points in the space
(r = 0). Thus, by Remark 1, two vehicles collide when
they have the same position at the same time. This
simple model can be used for small robots or swarms
and, moreover, this case study yields some insights for
more realistic models. We show that, for this model,

1 d(A, B) denote the Euclidean distance between points A
and B.
2 Axis-aligned minimum bounding boxes, ellipsoids, ...
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the time complexity only depends on the number of
vehicles for any value of k.

Lemma 8 If two vehicles with the same speed collide
using their extreme angles, then they collide in any
other two velocities.

Lemma 4 Let V0 and V1 be two vehicles such that
s0 ≤ s1 . For every velocity v0,i ∈ H0 there is at most
one velocity v1,j ∈ H1 such that vehicles collide.

Theorem 9 Collision-Avoidance-2D (2, k) can
be solved in O(log k) time.
Proof. First, we assume that the two vehicles move
with the same speed. Using the Lemma 8, the decision
problem is reduced to compare the extreme directions
of both UAVs. This can be done in O(1) time. The
extreme directions can be computed by inserting the
opposite vector in the ordered list of available directions in O(log k) time.
For different speeds, assume V0 is the slowest vehicle. We can apply a mapping M(v0,i ) and by using Lemma 3, we can solve the problem in O(1) time
for each direction of V0 , so in O(k) time. However,
the complexity can be improved by computing the
extremes for the faster vehicle in O(log k) time (using binary search on the convex chain of directions).
Finally, we compare the extremal directions for both
vehicles and the results follows.


Lemma 5 There always exists a feasible solution
when k ≥ n. Moreover, if k ≥ n then, for every
velocity vi,j ∈ Hi there is a feasible solution where
vi,j is the velocity assigned to Vi .
For the case k < n, Lemma 4 suggests a simple
scanning algorithm with complexity O(k n ) = O(nn ).
Therefore, the problem can be efficiently solved when
n is small as we assume in this paper. For the more
interesting case, k ≥ n, we have the following result:
Theorem 6 Collision-Avoidance (n, k) for k ≥
n ≥ 3 can be solved in O(n2 log n) time.
6

Vehicles modeled by spheres

6.2

In this section we study more realistic scenarios modeling the vehicles by spheres of radio r > 0. We consider two situations. First, we refer to the case when
Q is a region of 2D space, that is, the initial positions
and the velocity vectors are all in the same plane.
For the general case, named here as the 3D case, the
velocities and initial positions are in 3D space.
The base case for our study is the CollisionAvoidance (2, k). In order to improve the trivial
O(k 2 ) complexity, we will use the geometric transformation of Section 4.
Recall that applying the geometric transformation
to two vehicles, one of them remains static while the
other moves. Thus, the avoiding collision problem
can be solved by looking at the farthest vectors of
the moving vehicle with respect to a fixed direction of
the static vehicle. The following definition of extreme
vectors is suggested by this idea.

Collision-Avoidance (n, k), n > 2

The problem for three vehicles, V0 , V1 , V2 can be
solved using the solution for n = 2. Assume V0 is
the slowest vehicle. For each direction v0,i , we can
compute in O(1) the range of available directions for
vehicles V1 and V2 , say I0,1 and I0,2 , respectively (Figure 2).
Now, solving case (2, k) for these intervals yields
a solution for our problem in O(k log k) time. This
procedure can be extended to n robots and we arrive
to the following result:

I0,1

I0,2

v0,i
V0

V1

V2

Figure 2: Vehicle-Sphere 2D. Solving the case n = 3.

Definition 7 Given two vehicles, V0 (static) and V1
(moving), with centers p0 and p1 respectively. The
extreme directions of V1 with respect to V0 are the
→
neighboring directions in H1 of the vector −−
p−
1 p0 .

Theorem 10 Collision-Avoidance-2D
(n, k),
n > 2, can be solved in O(k n−2 (n + log k)) time.

6.1

6.3

Vehicle-Sphere 2D

In this case the k trajectories for each UAV can be
ordered by angle and the problem is to decide if an
angle allocation exists such that no two circles collide.
6.1.1

Vehicle-Sphere 3D

Assume all vehicles move with the same speed. The
approach used in the case 2D can be adapted as follows. Let V0 and V1 be two vehicles with starting
points p0 and p1 , respectively. Let π0,1 be the plane
→
passing through p0 with normal vector −−
p−
1 p0 . Let P
be the set of intersection points of the rays given by
the velocities of H1 and the plane π0,1 , Figure 3.

Collision-Avoidance (2, k)

By using Lemma 3, we can prove the following result:
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After the mapping M(v0,i ) (V0 becomes static), P
transforms into a new set, say Pe. It is easy to prove
that CH(P ) and CH(Pe) are topologically equal. The
same property holds for the Furthest Voronoi Diagram of P , F V D(P ). To see this, note that the new
set Pe looks topologically equal from any point inside
the new sphere of directions.
Now, the crucial idea of our algorithm is that, instead of computing F V D(Pe) for every mapping, we
store it as a data structure for solving point location.
After a mapping, the binary tree for point location
is topologically the same but the nodes have different
coordinates. Thus, when we arrive at each node of the
tree, we use the coordinates corresponding to the current fixed direction v0,i used in the mapping. In this
way, the furthest point from p0 can be computed in
O(log k) for every mapping M(v0,i ) and, the decision
problem on collisions for two vehicles can be solved in
O(k log k) time.
For different speeds of the drones, as in the case 2D,
we apply the same procedure but with mappings using
the directions of the slower robot and the following
result holds:

will be carried out in order to validate the algorithm
for a small team of drones.
(n, 2)
(2, k)
(n, k), n << k
2
Vehicle-point
O(n )
O(1)
O(n2 log n)
2
Vehicle sphere 2D O(n ) O(log k) O(k n−2 log k)
Vehicle sphere 3D O(n2 ) O(k log k) O(k n−1 log k)
Table 1: Complexity times.
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with the problem of determining large convex subsets in Minkowski sums [2, 4], see [5] and references
therein.
For values of k > 2, the only result of which we
are aware of is the upper bound cd(H) ≤ 2k for any
k-uniform hypergraph H, proved by Halman et al. by
mapping the vertices onto points on the moment curve
in R2k [6]. The convex-hull of all k-barycenters has
also been studied under the name of k-set polytope in
relation to the study of k-sets and j-facets, see [1].
Our main result is the complete determination of
(k)
the convex dimension of Kn , the complete k-uniform
hypergraph on n vertices, for any k, 1 ≤ k ≤ n − 1.

Abstract
The convex dimension of a k-uniform hypergraph is
the smallest dimension d for which there is an injective
mapping of its vertices into Rd such that the set of kbarycenters of all hyperedges is in convex position.
We completely determine the convex dimension of
complete k-uniform hypergraphs. This settles an open
question by Halman, Onn and Rothblum, who solved
the problem for complete graphs. We also provide
lower and upper bounds for the number of hyperedges
of k-uniform hypergraphs on n vertices with convex
dimension d.
To prove these results we restate them in terms of
affine projections that preserve the vertices of the hypersimplex, and generalize them to projections that
preserve higher dimensional skeleta.
1

Theorem 1 Given positive integers n and k such
that 2 ≤ k ≤ n − 2, we have that


if n ≥ 2k + 2,
2k
(k)
cd(Kn ) = n − 2
if n ∈ {2k − 1, 2k, 2k + 1},


2n − 2k if n ≤ 2k − 2.

Introduction

Motivated by certain convex combinatorial optimization problems, Halman, Onn and Rothblum [6] defined a convex embedding of a k-uniform hypergraph
H = (V, E) into Rd as an injective map f : V → Rd
such that the set of k-barycenters
)
(
1X
f (v) : e ∈ E
f (E) :=
k v∈e

(1)

(n−1)

(1)

Also, cd(K2 ) = 1 and cd(Kn ) = cd(Kn
for n ≥ 3.

)=2

This matches and extends the results in [6], where it
is proved that cd(Kn ) = 4 for n ≥ 6. Table 1 shows
(k)
the explicit values of cd(Kn ) given by Theorem 1 for
small values of n and k.
k\n
1
2
3
4
5
6
7

is in convex position (i.e. each point is a vertex of the
convex hull of f (E)); and the convex dimension cd(H)
of H as the minimal d for which a convex embedding
of H into Rd exists.
Their article focused on graphs, the k = 2 case.
They studied the problem of determining the convex
dimension for specific families of graphs: paths, cycles, complete graphs and bipartite graphs. And they
also investigated the extremal problem of determining the maximum number of edges that a graph on
n vertices and fixed convex dimension can have. The
latter problem has been studied afterwards by several
authors, in particular because of its strong relation

2
1

3
2
2

4
2
2
2

5
2
3
3
2

6
2
4
4
4
2

7
2
4
5
5
4
2

8
2
4
6
6
6
4
2

9
2
4
6
7
7
6
4

10
2
4
6
8
8
8
6

11
2
4
6
8
9
9
8

12
2
4
6
8
10
10
10

(k)

Table 1: First values of cd(Kn ). Red values correspond to the cases n ≥ 2k + 2 or n ≤ 2k − 2. White
values correspond to the cases n ∈ {2k −1, 2k, 2k +1},
when k ≥ 2. Green values correspond to the cases
k = 1 and k = n − 1.
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We provide a polyhedral proof of Theorem 1.
Namely, we reformulate the existence of a convex em-
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(k)

bedding of Kn into Rd in terms of polytope projections that preserve the vertices of the hypersimplex ∆n,k , that is, the polytope whose vertices are
the nk incidence vectors of k-subsets of [n]. Once
the problem is restated in terms of polytope projections, we proceed as in the framework used by Sanyal
when studying the number of vertices of Minkowski
sums [8], based on the projection lemma [10].
Let gk (n, d) be the maximum number of hyperedges
that a k-uniform hypergraph on n vertices of convex

dimension d can have.
We have gk (n, d) ≤ nk , and

that gk (n, d) = nk for any d ≥ 2k by Theorem 1.
By combining Theorem 1 and de Caen’s bound on
Turán numbers for hypergraphs [3] we get sharper
upper bounds for gk when d ≤ 2k − 1, as n grows.

Proof. For n ≥ k ≥ 1, let V = {v1 , . . . , vn } be the
(k)
vertex set of Kn . To any embedding f : V → Rd we
associate the linear projection π : Rn → Rd given by
π(k · ei ) = f (vi ). Notice that π maps the vertices of
∆n,k to the barycenters of k-subsets of f (V ). These
are in convex position if and only if all the vertices of
∆n,k are strictly preserved by π.

For a d-polytope P ⊂ Rd and a linear projection π :
R → Re , the Projection Lemma [10, Prop. 3.2] gives
a criterion to characterize which faces of P are strictly
preserved by π in terms of the associated projection
τ : Rd → Rd−e onto the kernel of π (cf. [8, Sec. 3.2]).
d

Lemma 6 (Projection Lemma [10, Prop. 3.2])
Let P ⊂ Rd be a d-polytope, π : Rd → Re a linear
projection, and τ : Rd → Rd−e be the associated
projection onto the kernel of π.
Let F ⊂ P be a face of P and let {ni | i ∈ I}
be the normal vectors to the facets of P that contain F . Then F is strictly preserved if and only
if {τ (ni ) | i ∈ I} positively span Rd−e ; i.e. if 0 ∈
int conv {τ (ni ) | i ∈ I}.

Theorem 2 For 1 ≤ d ≤ 2k − 1 we have
gk (n, d) ≤ cd,k,n · nk + o(nk ),
where cd,k,n are coefficients that satisfy:
(

d+2
if d ≥ 2k − 3
−1
k−1

lim (1 − k! · cd,k,n ) =
bd/2c+k
n→∞
if d ≤ 2k − 4.
k−1

One last ingredient is the dimension and hyperplane
description of ∆n,k , which are well known (see for
example [9, Ex. 0.11]).

Finally, we give a lower bound for gk through the
following embeddability result.

Lemma 7 The hypersimplex
∆n,k is (n − 1)
dimensional, has nk vertices, 2n facets and the inequality description
nX
o \ n
o \ n
o
∆n,k =
xi = k ∩
xi ≥ 0 ∩
xi ≤ 1 .

Theorem 3 There is a convex embedding of the
(k)
complete k-uniform k-partite hypergraph Kn,n,...,n
k+1
into R
. Therefore, for fixed d ≥ k + 1 we have
that gk (n, d) is in Θ(nk ) as n → ∞.

i∈[n]

2

i∈[n]

i∈[n]

From here, we proceed as follows. Assume that
there is a good projection π : Rn−1 → Rd that strictly
preserves all the vertices of ∆n,k . Then Lemma 6
would ensure certain positive dependencies on the vector configuration induced by the image of the normal
vectors to facets of ∆n,k under the projection τ to
the kernel of π. We state explicitly these dependencies below.
By the description in Lemma 7, ∆n,k has 2n facets
whose normal vectors we may pair up as {mi , ni },
where mi corresponds to the inequality xi ≥ 0 and ni
corresponds to the inequality xi ≤ 1 for i ∈ [n]. They
satisfy
X
X
mi + ni = 0 for i ∈ [n] and
mi =
ni = 0.

Projections that strictly preserve the vertices of
the hypersimplex

In this section we reformulate Theorem 1 in terms of
polytope projections that preserve vertices.
Definition 4 (Definition 3.1 in [10]) Let P be a
polytope and π : P → π(P ) a linear projection. A
face F ⊆ P is strictly preserved under π if π(F ) is
a face of π(P ) combinatorially isomorphic to F ; and
π −1 (π(F )) = F .
For the restatement of Theorem 1 we use the
following auxiliary lemma. Recall that the (n, k)hypersimplex is the polytope:
n
o
X
∆n,k = conv x ∈ {0, 1}n
xi = k .

i∈[n]

i∈[n]

Combining Lemma 6 with the facial structure of the
hypersimplex, we get:

1≤i≤n

Lemma 8 The existence of a good projection π
with associated normal projection τ implies that
τ ({ni , mj | i, j ∈ [n]}) is an (n − d − 1)-dimensional
configuration of vectors with the following strictly
positive dependencies:

Lemma 5 The existence of a convex embedding of
(k)
Kn into Rd is equivalent to the existence of a linear projection of the hypersimplex
∆n,k to Rd that

n
strictly preserves its k vertices.
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a) 0 ∈ int conv{τ (mi ) : i ∈ [n]},

Lemma 10 For k ≥ 2 and l ∈ {0, 1, 2}, the hypersimplex ∆2k+l,k has no codimension 2 projection that
preserves all its vertices.

b) 0 ∈ int conv{τ (ni ) : i ∈ [n]},
c) 0 ∈ int conv{τ (mi ), τ (ni )} for i ∈ [n],

Due to space constraints we provide only a sketch
of the proof. By Lemma 8, a codimension 2 projection implies the existence of a specific configuration of
vectors in R2 with specific strictly positive dependencies. Using a halving line, it is possible to show that
all these dependencies cannot hold simultaneously.
To finish the proof, we need a construction that
matches the lower bound.

d) 0 ∈ int conv ({τ (mi ) : i ∈ J} ∪ {τ (ni ) : i ∈ I})
for every disjoint I, J ⊂ [n], |I| = k, |J| = n − k.
e) 0 ∈ int conv ({τ (mi ) : i ∈ I} ∪ {τ (ni ) : i ∈ J})
for every disjoint I, J ⊂ [n], |I| = k, |J| = n − k.
Note that the configuration of vectors is symmetric
around the origin. This has another important interpretation that we will use later on.

Lemma 11 Every hypersimplex ∆n,k of dimension
at least 3 has a codimension 1 projection that strictly
preserves all its vertices.

Corollary 9 A good projection π : Rn−1 → Rd exists for ∆n,k if and only if it exists for ∆n,n−k .

This is obvious for k ∈ {1, n − 1}, and for 2 ≤ k ≤
n−2, it can be verified by showing that the vertices of
an (n − 2)-dimensional simplex with an interior point
form a set of n points all whose k-barycenters are in
convex position.

Of course, ∆n,k and ∆n,n−k are affinely equivalent,
so Corollary 9 should not be too unexpected. How(k)
(n−k)
ever, the fact that cd(Kn ) = cd(Kn
) is not entirely obvious from the definition of cd. It also has
an alternative short geometric proof. Suppose f is
(k)
a convex embedding of Kn into Rd . Consider the
barycenter b of f (V ). The barycenter a of any ksubset of f (V ), the barycenter c of the complementary (n − k)-subset and b are collinear. The segment
ac is split in ratio k : n − k by b. Therefore, the set of
(n − k)-barycenters is a homothetic copy of the set of
k-barycenters. Since the second is in convex position,
the first one is as well.
3

4

Now we turn our attention to the maximum number
of barycenters in convex position that a uniform hypergraph of fixed dimension may have. First, we give
a lower bound by mapping a complete k-partite kuniform hypergraph. For this we use the following
particular version of a result by Matschke, Pfeifle and
Pilaud:

Proof of Theorem 1

By Corollary 9, we may assume from now on that
n ≥ 2k.
The case k = 1 is easy, as k-barycenters degenerate
to the vertices of the set, and we need them to be in
convex position. For n = 2 we need dimension 1, and
for n ≥ 3, dimension 2 is enough, as we may take any
n-gon. So we may assume k ≥ 2.
By the definition of cd, we have monotonicity on n,
because if n increases, we are required to preserve
more hyperedges. In other words,
(k)
cd(Kn0 )

Hypergraphs with many barycenters in convex
position

Theorem 12 (Theorem 2.6 in [7]) There are sets
I1 , . . . , Ik ⊂ R, with |Ii | = n for all i such that the
polytope
X
P := conv{(a1 , a2 , . . . , ak ,
a2i )},
i∈[k]

where (a1 , . . . , ak ) ranges over I1 × · · · × Ik , has all its
possible nk vertices.
Proof. [Proof of Theorem 3] Let

≥ cd(Kn(k) ) for n0 ≥ n.

Ii = {ai1 , . . . , ain } ⊂ R for i ∈ [k]

Hence, it is enough to prove that:

be the sets given by Theorem 12. Let V = V1 ∪· · ·∪Vk
(k)
be the vertex set of ∆n,n,...,n , where

cd(Kn(k) ) = n − 2 for n ∈ {2k, 2k + 1, 2k + 2}.

Vi = {vi1 , . . . , vin } for i ∈ [k].

Indeed, this implies by monotonicity that

Consider the mapping f : V → Rk+1 given by

cd(Kn(k) ) ≥ 2k for n ≥ 2k + 2.

f (vij ) = k · (aij · ei + a2ij ek+1 ).

This inequality is tight by [6]. We obtain a valid construction by mapping the vertices of ∆n−1 to points
in the moment curve in R2k . We get a k-neighborly
polytope, and thus the k-barycenters of the projected
vertices are in convex position.
The lower bound for the key cases n ∈ {2k, 2k +
1, 2k + 2} is given by the following lemma.

(k)

Any hyperedge from ∆n,n,...,n is obtained by choosing one vertex from each Vi , so every k-barycenter is
precisely of the form
X
(a1 , a2 , . . . , ak ,
a2i )
i∈[k]
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for ai ∈ Ii . By Theorem 12, all these barycenters lie
in convex position, so f is indeed a convex embedding
into Rk+1 .


Theorem 14 Given integers n ≥ k ≥ 1 and 0 ≤ i ≤
n − 1, the value of d(n, k, i) is determined as follows.
Let

Now we focus on upper bounds for gk . Fix k and
1 ≤ d ≤ 2k − 1. Using Theorem 1, we obtain that the
(k)
maximum value n = nd,k so that Kn has a convex
embedding into Rd is for d ≥ 2

An,i = {0, 1, 2, . . . , i + 1} ∪ {n − i − 1, n − i, . . . , n}
Bk,i = {2k − 2i − 1, . . . , 2k + 2i + 1}.

nd,k

(
d+2
= d
2 +k

Then

2i + 2k



2n − 2i + 2k
d(n, k, i) =

n−1



n−2

if d ∈ {2k − 3, 2k − 2, 2k − 1},
if 1 ≤ d ≤ 2k − 4.
(1)

1
1
2
2
3
4
5
6

2

3

4

5

6

7

8

9

10

4
4
5
6
7
8

5
5
5
6
7
8

6
6
7
8
9

7
7
7
8
9

8
8
9
10

9
9
9
10

10
10
11

11
11
11

12
12
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Geometric optimization problems for divisions of convex bodies
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Abstract

which is the division of C which minimizes max{F (C1 ), . . . , F (Cn )}?

In [3, Problem C1] we can find the following statement
for Conway’s fried potato problem:
“In order to fry it as expeditiously as possible, Conway wishes to slice a given convex potato into n pieces
by n − 1 successive plane cuts (just one piece being
divided by each cut), so as to minimize the greatest
inradius of the pieces.”
Notice that this is a min-max problem which
searches for the division of an arbitrary convex body
(that is, a convex compact set) C ⊂ Rd into n subsets minimizing the maximum of the inradii of the
subsets. A solution for this problem was described
in [1]: an optimal division is given by n − 1 parallel,
equally-spaced cuts between the support hyperplanes
that provide the minimal width of C ρ , where C ρ ⊂ C
is the ρ−rounded set of C, for certain ρ > 0.
Another min-max problem for a classical geometric
functional is treated in [4, 2], in the planar setting:
given a centrally-symmetric convex body C ⊂ R2 ,
which is the division of C into n subsets minimizing
the maximum of the diameters of the subsets? For
n ≥ 3, an optimal division is the so-called standard npartition, given by n inradius segments symmetrically
placed (we note that for n = 2 the corresponding
standard 2-partition is not always a solution).
Motivated by these two problems, we have initiated the study of the following general question: let
C ⊂ Rd be a convex body. We will focus on divisions of C into n convex subsets C1 , . . . , Cn , given by
n − 1 successive hyperplane cuts. This means that we
start by considering a hyperplane which will divide C
into two (convex) subsets, and after that, each of the
further hyperplanes will be used to divide just one of
the previously obtained subsets into two new (convex)
subsets (that is, in each step, only one of the subsets
is divided into two) [1]. Let F be one of these classical geometric functionals: the diameter, the minimal
width, the inradius, and the circumradius. Then,

Additionally, we can also investigate in this setting
the corresponding max-min problems:
which is the division of C which maximizes min{F (C1 ), . . . , F (Cn )}?
Several interesting questions arise from these general problems: existence and general properties of the
optimal divisions, algorithms that lead us to an optimal division, optimal values provided by an optimal
division (or, at least, good bounds for them), . . .
In this work we will discuss some of these questions,
which constitute ongoing research. In particular,
i) we will show some cases where there is no optimal division when considering the diameter functional.
ii) we will provide bounds for the optimal values
when considering the minimal width functional.
iii) we will describe a quadratic-time algorithm for
the known optimal division of Conway’s fried
potato problem.
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number of hexagons that can be glued into a convex
surface is unbounded, however there are at most 10
possible graph structures for such (non-flat) polyhedra, 6 of which have been identified, and all gluings
forming doubly-covered 2D polygons have been characterized [8].
Here we study the case k = 5, i.e., gluing regular pentagons edge to edge. This case differs substantially from the case of hexagons, since it is not
possible to produce a vertex of Gaussian curvature 0
by gluing pentagons. Therefore both the number of
possible graph structures and the number of possible
gluings is constant. To determine the graph structure
of each gluing, we use an implementation [10] of the
Bobenko-Izmestiev algorithm to obtain an approximate polyhedron P for the gluing, and then we use a
computer program to generate a certificate that the
approximation P has the correct graph structure if it
is simplicial. For non-simplicial polyhedra, we resort
to ad-hoc proofs (which appear in the full version).

Abstract
We give a complete description of all convex polyhedra whose surface can be constructed by folding and
gluing (edge-to-edge) regular pentagons.
1

Introduction

Given a collection of 2D polygons, a gluing describes a
closed surface by specifying how to glue each polygon
edge onto another edge from the collection. Alexandrov’s uniqueness theorem [1] states that any gluing
that is homeomorphic to a sphere and that does not
yield a total facial angle more than 2π at any point,
is the surface of a unique convex 3D polyhedron1 .
Unfortunately, the proof of this theorem is highly
non-constructive and the only known approximation algorithm has (pseudopolynomial) running time
larger than O(n1116 ) (where n is the total number
of edges) [7], and depends on the aspect ratio of the
polyhedral metric, the Gaussian curvature at its vertices, and the desired precision of the solution. There
is no known exact algorithm for reconstructing the 3D
polyhedron, and in fact the polyhedron’s coordinates
might not even have a closed formula [5].
Enumerating all possible valid gluings is also not
an easy task, as the number of gluings can be exponential even for a single polygon [2]. However one
valid gluing can be found in polynomial time using
dynamic programming [4, 9]. Complete enumerations
of gluings and the resulting polyhedra are only known
for very specific cases such as the latin cross [3] and a
single regular polygon [4].
This paper continues the study, initiated by the
first two authors, for the special case when the polygons to be glued together are all identical regular kgons. For k > 6, the only two possibilities are two
k-gons glued into a doubly covered k-gon, or one kgon folded in half (if k is even). When k = 6, the

2

Gluing regular pentagons together

Let P be a convex 3D polyhedron. The P
Gaussian
t
curvature at a vertex v of P equals 2π − j=1 αjv ,
where t is the number of faces of P incident to v, and
αjv is the angle of the j-th face incident to v. Since P
is convex, the Gaussian curvature at each vertex of P
is non-negative. The Gauss-Bonnet theorem (1848)
states that the total sum of the Gaussian curvature of
all vertices of a 3D polyhedron P equals 4π.
2.1

How many pentagons can we glue and which
vertices can we obtain?

Let P be a convex polyhedron obtained by gluing several regular pentagons edge-to-edge. Vertices of P are
clearly vertices of the pentagons. The sum of facial
angles around a vertex v of P equals 3π/5 (the interior angle of a regular pentagon) times the number
of pentagons glued together at v. Since the Gaussian
curvature at v is in (0, 2π), the number of pentagons
glued at v can be either one, two, or three. This yields
the Gaussian curvature at v to be respectively 7π/5,
4π/5, or π/5.

∗ E. A. was supported in part by F.R.S.-FNRS, and by the
SNF grant P2TIP2-168563 of the Early PostDoc Mobility program. S. L. is directeur de recherches du F.R.S.-FNRS.
† Email: ea.arseneva@gmail.com.
‡ Email: stefan.langerman@ulb.ac.be.
§ Email: boris.a.zolotov@yandex.com.
1 Note that the original polygonal pieces might need to be
folded to obtain this 3D surface.
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Note that, as opposed to the case of regular
hexagons, it is not possible to produce a vertex of
curvature 0 (which would be a flat point on the surface of P ) by gluing several pentagons. Therefore all
the vertices of the pentagons must be vertices of P .

tains the polyhedron. Assume without loss of generality that the plane passing through ua , ui , uj is not
vertical and that P lies below that plane (otherwise
apply a rigid transformation to P so that it becomes
true).
Consider three planes Π1 , Π2 , Π3 tangent to Br (ui ),
Br (uj ), Br (ua ) such that:

Proposition 1 Suppose P is a convex polyhedron
obtained by gluing edge-to-edge N regular pentagons.
Then: (a) P has 2 + 1.5N vertices in total. In particular, N must be even. (b) N is at most 12.

• Π1 is below Br (ui ), Br (uj ) and above Br (ua ),
• Π2 is below Br (ui ) and above Br (uj ), Br (ua ),

Enumerating all possible gluings. In order to reach
our main goal and list all the convex polyhedra that
can be obtained by gluing regular pentagons edgeto-edge, we used a computer program to list all the
non-isomorphic gluings of this type. Our program is
a simple modification of the one that enumerates the
gluings of hexagons [8].
2.2

• Π3 is below Br (uj ) and above Br (ui ), Br (ua ).
If ub lies below Π1 , Π2 and Π3 and the distance from
ub to each of the planes Π1 , Π2 and Π3 is greater than
r, then the edge vi vj must be in P.
This procedure is repeated for every edge ui uj of
P . This implies the following

Determining the shape from the gluing

Theorem 2 Given a metric M and a simplicial polyhedron P we can check in time O(E) that the convex
polyhedron corresponding to metric M has the same
graph structure as P without false-positive errors.

Consider a gluing M that satisfies Alexandrov’s conditions and thus corresponds to unique polyhedron
P. Suppose we have a simplicial polyhedron P whose
edge lengths and facial angles are close to those of
P. In this section we present a procedure that checks
whether the graph structures of P and P coincide.
We will be using the following notation: v1 , v2 ,
v3 , . . . for the vertices of P; u1 , u2 , u3 , . . . for the
vertices of P ; V , E, F for the number of vertices,
edges and faces of P respectively; D for the maximum
degree of a vertex of P ; L for the length of the longest
edge of P ; Br (u) for the ball in R3 of radius r centered
at the point u.
Vertices of P correspond to cone points of metric
M , and the edges are the shortest paths between their
endpoints. Thus for every edge ui uj of P we can calculate the discrepancy between its length and the corresponding length in M (which is the intended length
of that edge). Let µ be the maximum of the discrepancy for all edges.
Similarly, for every pair of adjacent edges ui uj and
ui uk of P one can find the discrepancy between the
facial angle uj ui uk and the corresponding angle vj vi vk
in M . We denote the maximum discrepancy between
values of angles by γ.
The basis of our procedure is an observation that
each vertex vi of P lies within r–ball centered at the
corresponding vertex ui of P , where r = E 2 · L ·
2 sin(Dγ/2) + Eµ. We defer its proof to the Section 2.3, see Theorem 3.
Let ui uj be an edge of P and let ua , ub be the two
vertices of P opposite to the edge ui uj . We want to
check that there does not exist a plane intersecting all
four r–balls centered at ui , uj , ua , ub respectively.
A plane containing a face of the convex polyhedron
P divides R3 into two half-spaces, one of which con-

False negative errors can occur if the precision is
not sufficient, and a plane exists that intersects all
four r–balls centered at the vertices of P even though
there is an edge connecting two of the vertices. In
such a case precision has to be increased by replacing
P with a polyhedron that has smaller discrepancy in
edge lengths and values of angles and repeating the
procedure.
To obtain polyhedron P in practice one can use the
algorithm developed by Kane et al. [7] or by Bobenko,
Izmestiev [6]. It outputs a polyhedron P which is an
approximation of P. To measure the quality of an
approximation the authors introduced the value called
residual curvature. When running the algorithm, one
can set the residual curvature not to exceed a given
value κ, the lower κ the better approximation will be
obtained.
2.3

Precision of vertex location
based on the approximation

In this section our aim is to find a small real number
r such that each vertex of P lies within an r–ball
centered at the corresponding vertex of P .
Without loss of generality, one of the vertices of
both P and P (let them be u1 and v1 respectively) is
located at (0, 0, 0), one of the edges incident to this
vertex (in P and in P , respectively) is aligned with the
x axis, and one of the faces incident to that vertex and
that edge — both in P and P — lies on the horizontal
plane z = 0.
The main result of this section is the following
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Figure 1: The angle between the edge of P and the
edge of P is (locally) less than Dη.

(a)

Figure 2: Illustration for the proof of Theorem 3:
(a) Rotation by the angle less than Dγ is applied to
0
the residual path wi0 . . . wk0 . (b) The edge wi0 wi+1
is
being lengthened or shortened by at most µ.

Theorem 3 Suppose µ is the maximum edge discrepancy between P and P, γ is the maximum angle
discrepancy between P and P, D is the maximum degree of a vertex of P . If Dγ < π/2, then each vertex of
P lies within an r-ball centered at the corresponding
vertex of P , where r = E 2 · L · 2 sin(Dγ/2) + Eµ.

0
wi0 , wi−1 wi lie on the same ray,
with wi and edges wi−1
then, by the triangle inequality, the angle between
0
wi0 wi+1
and wi wi+1 will not exceed Dγ.
Thus the region the edge wi wi+1 of the polyhedron
P can lie inside is a cone: the value of the angle be0
tween wi wi+1 and wi0 wi+1
is at most Dγ (see Figure 1).
Let us now make all the edges of the path in P
parallel to the corresponding edges of the path in P.
We can do that by taking residual paths starting at
w10 , then at w20 , . . . and applying rotations to them,
so that the entire path stays connected and its origin
is intact (see Figure 2a). We can also preserve graph
structure during the transformation.
By Lemma 5, every time we apply such rotation,
the endpoint u of the path moves by at most
EL · 2 sin(Dγ/2).
Since there are at most E vertices in the path and
E rotations are applied, the endpoint u moves by at
most


Dγ
E 2 L · 2 sin
.
(2)
2

To prove this theorem we need two lemmas:
Lemma 4 Let pq, pq 0 be line segments in R3 . If there
are two real numbers ε, θ with ε > 0 and 0 < θ < π2
such that
(a) |pq| − ε ≤ |pq 0 | ≤ |pq| + ε,
(b) ]qpq 0 ≤ θ,
then |qq 0 | ≤ 2|pq| sin θ2 + ε.

(b)

(1)

To find r we carry out the following procedure:
• Consider a vertex v of P and the shortest path
v1 w1 w2 . . . wk v from v1 to v in the graph structure of P — it is comprised of edges of P and is
not the geodesic shortest path from v1 to v;
• Using Lemma 4, calculate the distance v moves
when small changes are applied to edge lengths
on this path and angles between its edges. We
show this distance does not exceed the sum of
the offsets generated by changes of a single edge
or a single angle (see Figures 2a, 2b).

Now that the directions of all the edges in the path
are adjusted, we can make their lengths match the
lengths of the corresponding edges in P.
If the length of a single edge of a path in P
is changed by at most µ, and other edges are not
changed (as shown in Figure 2b), then the end of the
path also moves by not more than µ. If we stretch
any edge by at most µ, the total offset generated by
that will be at most Eµ.
(3)
Combining (2) and (3), the total offset does not
exceed E 2 L · 2 sin(Dγ/2) + Eµ. This completes the
proof.


Lemma 5 Let p0 . . . pm be a sequence of m edges
sharing an endpoint such that max |pi−1 pi | ≤ L for
some real L. Then, for any j from 0 to m − 1, if
the portion pj . . . pm of the path is rotated around
pj by an angle θ (i.e., such a rotation Φ is applied to pj . . . pm so that ]pj+1 pj Φ(pj+1 ) = θ), then
|pm Φ(pm )| ≤ 2mL sin(θ/2). We say that pm moves
by at most this value.
Proof. Apply Lemma 4 with p = pj , q = pm , q 0 being
the image of pm after rotation, ε = 0.

Proof. (of Theorem 3) Consider the path
u1 w10 w20 . . . wk0 u in the polyhedron P whose vertices correspond to the vertices of v1 w1 w2 . . . wk v in
P. It contains at most E edges and therefore its total
length is at most EL.
Consider the vertex wi0 on the path. After applying
a rigid transformation to P and P so that wi0 coincides

3

A complete list of all shapes obtained by gluing
pentagons

Below is the list of all polyhedra that can be obtained
by gluing regular pentagons. For those polyhedra that
are simplicial, their graph structure is confirmed by
applying the method of Section 2.1, for the others the
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pentagons edge to edge. However the way we obtained
this list is interesting in its own right, and may lead
to other results. While this will not always work efficiently for Alexandrov’s problem on arbitrary polyhedral metric (our estimation of r depends quadratically
on the number of vertices of the polyhedron), it should
work well for certain classes of metrics such as metrics with small number of cone points, in particular,
for metrics obtained by gluing edge-to-edge regular
squares, triangles, or other polygons with fixed angles. One question that remains open is whether it is
possible to deal with non-simplicial graph structures
in a generic way, i.e., lift the restriction from Theorem 2 that P is simplicial.

proof is geometric, and it will apear in the full version
of this note.
• 2 pentagons:
– doubly-covered
shown).

regular

pentagon

(not

– simplicial hexahedron with 5 vertices (3 vertices of degree 4, and 2 vertices of degree 3),
see Figure 3a.
• 4 pentagons:
– simplicial dodecahedron with 8 vertices (2
vertices of degree 5 and 6 vertices of degree
4), see Figure 3b.
– octohedron with 8 vertices (4 vertices of degree 4 and 4 vertices of degree 3) and 4
quadrilateral and 4 triangular faces. It is
a truncated biprism, see Figure 3c.
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4

Concluding remarks and Future Work

The main outcome of this paper is the list of all convex
polyhedra that can be made by gluing several regular
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Abstract

Angelini et al. [1] showed that when given a planar
graph G and a plane drawing D(G0 ) of a subgraph G0
of G, one can test in linear time if it can be extended
to a plane drawing of G.

We study the problem of extending a connected
(1-)plane drawing of a graph G with a maximum set
of edges M 0 chosen from a given set of edges M of the
complement graph of G. It turns out the problem is
NP-hard already for the case of the initial drawing being plane and orthogonal. On the positive side we give
an FPT-algorithm in k for the case of adding k edges
and M being the set of all edges in the complement
of G.
1

Here we focus on the problem of finding a maximum subset of edges that can be added to a given
drawing such that it remains 1-planar. The class of
1-planar graphs is widely studied in graph theory and
graph drawing in the context of so called “beyond
planarity graphs” [5]. For general results on 1-planar
graphs see the annotated bibliography by Kobourov
et al. [10]. We call a graph G 1-planar if there exists a
simple drawing D(G) in which no edge is crossed more
than once. Recognizing if a given graph is 1-planar is
NP-hard [8] and stays hard even if the graph consists
of a planar graph plus one edge [4]. Note that from
these results it follows that deciding if we can add
all the edges such that the result is a 1-plane drawing is NP-hard, since the vertices in a simple drawing
can be arbitrarily placed. However, the problem we
study here includes the natural assumption that the
initial drawing is connected. The proofs showing that
recognition of 1-planarity is hard [8, 4, 11] cannot be
directly applied to this setting, since they all rely on
the fact that certain vertices can be freely placed.

Introduction

Suppose you are presented with the challenge of
adding connections to a previously drawn graph, but
without changing the existing layout. On top, you are
supposed to keep certain properties of the drawing intact, e.g., keep it simple, rectilinear, or k-planar. In
the end it might be impossible to add all new connections without violating these properties. Hence you
now would be interested in finding a maximum set of
those connections, but is this easy to do?
We formulate this intuitive problem as follows:
given a drawing D(G) of a graph G = (V, E) that
has a set of properties, and a set of candidate edges
M of the complement graph G of G, find a maximum
subset M 0 ⊆ M that can be added to D(G). That is,
such that the result is a drawing D(G+ ) of the graph
G+ = (V, E ∪ M 0 ) with a desired set of properties and
containing D(G) as a subdrawing. Following Angelini
et al. [1] and Arroyo et al. [2], we say that D(G) can
be extended by the set of edges M 0 . Note that in the
literature the term augmenting has also been used for
adding edges (and/or vertices) to a graph (e.g. [6]).
Arroyo et al. [2] studied this problem in the context
of so called simple drawings and proved it to be NPhard in this setting. A simple drawing D(G) is a
drawing of a graph G in which two edges share at
most one point, either a proper crossing (tangencies
are not allowed) or a common endpoint. In contrast,

Formalizing our previous question, we are interested in the following: given a connected (1-)plane
drawing D(G) of a (1-)planar graph G = (V, E) and
a subset M of edges of G, what is the maximum cardinality of a set M 0 ⊆ M such that the edges in M 0 can
be inserted into D(G) to obtain a 1-plane drawing.
We show this problem to be NP-hard in general,
even if D(G) is plane, connected, and orthogonal. Our
reduction, as the one by Arroyo et al. [2], is from
maximum independent set. However, the used gadgets are substantially different. In the case of extensions to simple drawings, the gadgets profile the ways
in which an edge can be added, and rely on edges
that can cross multiple other edges. In our case, the
gadgets are plane, straight-line drawings, and instead
rely on pairs of edges that cannot be added simultaneously. We also give an FPT-time algorithm in the
size of the set M 0 , when M is the set of all edges in
G. Our algorithm works even if the initial drawing is
not connected and 1-plane.

∗ Email: thamm@ac.tuwien.ac.at. Supported by the Austrian Science Fund (FWF): Project P31336.
† Email: fklute@ac.tuwien.ac.at.
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2

NP-hardness

second vertex-gadget. In that way, we join all vertexgadgets into one plane drawing. Finally, we add an
orthogonal path connecting the leftmost vertex on the
spine with the rightmost one such that it surrounds
the top-half of the drawing. We refer to this path as
the surrounding path. See Figure 1 right.

In this section we prove that extending a connected
(1-)plane drawing by a maximum set of given candidate edges is NP-hard, even if the initial drawing is
plane and orthogonal.
Theorem 1 Given a connected plane drawing D(G)
of a graph G, an integer k, and a subset M of the edges
of the complement graph of G, it is NP-complete to
decide if there is a subset M 0 ⊆ M of cardinality k
extending D(G) to a 1-plane drawing.

Candidate edges For each vertex in the 2-page-book
drawing D(G), we sort the incident (at most three)
edges in the top half-plane in clockwise order. Consider an edge xy drawn in the top half-plane of D(G).
Without loss of generality, let this edge be the i-th one
incident to x and the j-th one incident to y, we then
add the candidate edge six sjy to M . For an edge in the
bottom half-plane of D(G) we proceed analogously.
After adding all candidate edges for the top and bottom half-planes, we add for all v ∈ V the edges av bv ,
a0v b0v , cv dv , c0v d0v , and uv u0v to M .

Note that the problem is in NP, since it can be
encoded combinatorially. To prove Theorem 1 we reduce from maximum independent set (MIS). A set of
vertices of a graph is an independent set if no pair of
vertices in the set are adjacent. The problem of determining the maximum independent set of a given graph
is NP-hard in general, even when the given graph is
planar and has degree at most three [7, Lemma 1].
Planar graphs with degree at most three admit a
2-page book embedding [9, 3]. A 2-page book embedding is a plane drawing in which all vertices are
placed on a horizontal line, the spine of the book, and
the edges lie completely either in the upper or lower
half-plane. Thus, we can construct a 2-page book embedding D(G) from an MIS instance consisting of a
graph G with degree at most three. By replacing the
vertices of D(G) with vertex-gadgets we construct a
plane drawing D0 (G0 ) of a graph G0 = (V 0 , E 0 ). Then
the edges in each half-plane of D(G) define a set of
edges M of the completement graph of G0 such that
finding a maximum subset of edges M 0 ⊆ M extending D0 (G0 ) to a 1-plane drawing is equivalent to finding a maximum independent set of G.

Lemma 2 The construction is a polynomial-time reduction from maximum independent set in planar
graphs with degree at most three.
Proof. We begin by showing in the three following
claims which of the candidate edges can be added simultaneously to the vertex-gadgets. The proofs, that
can be found in the full version of this paper, rely
on the following strategy. To show that an edge cannot be added, we identify two simple closed curves
whose intersection consists at most of vertices and intersection points of the drawing. These curves strictly
separate the endvertices of the edge we want to add.
Claim 1 Edges ab and cd (analogously a0 b0 and c0 d0 )
cannot be added simultaneously.
Claim 2 If the edge uu0 is added to a horizontal concatenation of vertex-gadgets (including the surrounding path), neither cd nor c0 d0 can be added.

Vertex-gadget Our main gadget for the reduction is
the vertex-gadget. It consists of symmetric top- and
bottom-halves, separated by the spine. See Figure 1
left for an illustration. The vertices si are endpoints
of candidate edges corresponding to the original graph
edges. The colored pairs represent auxiliary candidate
edges, and the candidate edge uu0 encodes whether
the vertex was picked in the independent set. For a
detailed description see the full version of the paper.

Claim 3 Consider a horizontal concatenation of
vertex-gadgets including one with x as subscript and
one with y as subscript. Then, the edge six sjy cannot
be added if both ax bx and ay by are added.
With these three claims at hand, we proceed to
tackle Lemma 2. Let G = (V, E) be a planar graph
with degree at most three and k ∈ N. We reduce from
the problem of deciding if G has an independent set
of size k. First, we construct a plane drawing D0 (G0 )
from G and a set M of candidate edges as explained
above. Note that this set consists of 5|V | + |E| edges:
av bv , a0v b0v , cv dv , c0v d0v , and uv u0v for each v ∈ V and
0j
one six sjy or s0i
x sy with i, j ∈ {1, 2, 3} per edge xy ∈ E.
Moreover, it is a polynomial construction.
The problem we want to reduce to is deciding if
D0 (G0 ) can be extended to a 1-plane drawing by
adding a set of edges M 0 ⊆ M with cardinality
|M 0 | = |E| + 2|V | + k.

Concatenating vertex-gadgets Let D(G) be a 2page book embedding of a graph G = (V, E) with
max-degree three. For each vertex u ∈ V we create
a vertex-gadget at the position of u as above. We
add the vertex label of the corresponding vertex in V
as a subscript to the named vertices in the gadget.
From left to right we connect the gadgets as follows.
For two consecutive gadgets on the spine, we identify
the rightmost vertex on the spine of the first vertexgadget with the leftmost vertex on the spine of the
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Figure 1: Reduction. Left: vertex-gadget. Right: concatenation of two vertex-gadgets and possible extensions.
First, we show that if G has an independent set I
of size k we find a subset M 0 ⊆ M of the candidate
edges of size |E| + 2|V | + k. Consider Figure 1 right.
For a vertex x ∈ I add the edges ax bx , a0x b0x , and ux u0x
as shown in the left half of the figure. For any vertex
y ∈ V \ I add the edges cy dy and c0y d0y as shown in
the right half. Finally, add all candidate edges of the
0j
form six sjy and s0i
x sy with i, j ∈ {1, 2, 3} and xy ∈ E to
0
M . The way we draw a candidate edge six sjy depends
on whether x or y are part of the independent set I.
In general we draw these segments with three arcs:
the first and last ones locally around the endpoints,
respectively, and the middle one as a (deformed) arc
of the 2-page-book drawing D(G). See Figure 1 right.
Since I is an independent set, each edge has at most
0j
one endpoint in I. Thus, each edge six sjy and s0i
x sy
with i, j ∈ {1, 2, 3} and xy ∈ E that we added to
the drawing has at most one crossing. Therefore, we
obtained a 1-plane extension by |E| + 2|V | + k edges.

3

FPT for adding arbitrary edges

Conversely, let M 0 ⊂ M be a set of |E| + 2|V | + k
candidate edges that can be added to D0 (G0 ) and that
contains the minimum possible amount of uu0 edges.
We then find an independent set of size k of G in the
following way: by Claim 1, at most 2|V | candidate
edges of the form ab and cd can simultaneously be
added. Thus, at least k of the added candidate edges
are uu0 edges. Therefore, if the set of vertices {v :
uv u0v ∈ M 0 } is an independent set of G we are done.
Assume on the contrary that {v : uv u0v ∈ M 0 } is not
an independent set. Then there exists an edge xy ∈
E such that ux u0x as well as uy u0y were added. By
Claim 3 ax bx or ay by cannot be added. Moreover, by
Claim 2, neither cx dx nor cy dy were added. If ax bx
is not in M 0 , we could remove ux u0x from M 0 and
add cx dx . That edge can always be added by drawing
it below (and as close as needed to) the horizontal
path from cx to dx , since neither ux nor ax have an
incident edge in M 0 after ux u0x was removed, and all
other edges cannot enter a simple closed curve that
they would have to leave. Symmetrically, if ay by is
not in M 0 we could remove uy u0y from M 0 and add
cy dy to M 0 . This contradicts the fact that M 0 has the
minimum amount of uu0 edges.


Observation 3 Let D(G) be a 1-plane drawing of a
graph G. Assume there is an edge e of G which can be
drawn in one cell (two adjacent cells) of D(G) in a 1plane way such that no other edge of G can be added
to D(G) intersecting the interior of that cell (either of
the two cells). Then, if D(G) can be extended with k
edges, there is an extension with k edges in which e
is drawn into the cell (the two cells).

In this section we show that for a 1-plane drawing
D(G) of a graph G one can decide in FPT-time in k
if there exists a set of k edges in G that extend D(G)
to a 1-plane drawing.
We prove Theorem 8 using a series of technical lemmas and observations. The goal is to obtain conditions checkable in polynomial time that can lead to a
positive answer, and that, if not met, imply a bound
that is polynomial in k on for the size of the structures
where edges can be non-trivially added.
For a 1-plane drawing D(G) of a graph G we construct a plane drawing by placing a vertex on every
intersection point of two edges in D(G) and consider
the faces of this planarized drawing as the cells of the
1-plane drawing D(G). Note that every cell has some
vertex of D(G) on its boundary.

The first lemma considers a case in which we can add
k edges to a single cell of D(G).
Lemma 4 Let D(G) be a 1-plane drawing of a graph
G. If D(G) contains a cell with at least 6k +1 vertices
on its boundary, then we can extend D(G) by k edges
to a 1-plane drawing.
Now we consider cases in which we can extend drawings within many, possibly small cells.
Observation 5 Let D(G) be a 1-plane drawing of a
graph G. If D(G) contains at least k cells, each with
the endpoints of a distinct edge of G on its boundary,
we can extend D(G) by these k edges.
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However, it might be necessary to introduce new
crossings when extending D(G). For this reason, we
consider pairs of adjacent cells whose shared boundary
can be crossed by an added edge. If one can find
sufficiently many disjoint such pairs, one can avoid
introducing crossings between new edges. The main
challenge is to enforce disjointness of the pairs and
distinctness of the added edges at the same time .
Formally, we are interested in pairs of cells such that
their shared boundary can be crossed in a 1-plane extension of D(G). We call these pairs crossable pairs.
For these pairs we consider edges of G whose addition to D(G) in the crossable pair requires crossing
the shared boundary, which we call its edge options.
Observe that (i) in a crossable pair, both boundaries
of the cells share at least two vertices in V , as their
boundaries share at least an edge; and (ii) edge options have a vertex on the boundary of each cell that
is not on the common boundary.
Note that in the restricted case that D(G) is plane
such a construction is easy: If D(G) has at least 6k
faces, triangulating D(G) leaves us with at least k
disjoint crossable pairs, and D(G) can be extended
by k egdes to a 1-plane drawing.

4

Conclusions

We showed that the problem of finding a maximum
subset of candidate edges for extending connected 1plane drawings is NP-hard, even if the initial drawing
is plane and orthogonal. With the condition of the
initial drawing being connected, it would also be interesting to look at the problem of adding a given set
of candidate edges. Furthermore, we gave an FPTalgorithm in the number of edges to add, for the case
in which the set of candidate edges M consists of all
edges in G. For this special case it remains open if
it is NP-hard or polynomial time solvable. In terms
of the general problem, in which the set of candidate
edges M is part of the input, we suspect that an FPTalgorithm in the number of edges to add exists.
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Bounding the number of crossings for a particular class of drawings of Kn,n
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Introduction
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The famous Zarankiewicz conjecture states that every drawing of Kn,m in the plane contains at least
m
m−1
Zn,m = b n2 cb n−1
2 cb 2 cb 2 c crossings; see e.g. [2]. In
contrast to the analogous conjecture for Kn by Hill,
to-date, Zarankiewicz conjecture even remains unproven for restricted drawing classes like 2-page book
drawings or linearly separated straight-line drawings.
In this work we consider a combination of the latter
two: Let Kn,m (S) be a rectilinear drawing of Kn,m on
a point set S = R ∪ B, |R| = n, |B| = m, in which
the two vertex partitions R and B are separated by
a straight line. Further, we assume that S admits an
uncrossed Hamiltonian cycle H that does not cross
any edge of Kn,m (S). Hence, every edge of Kn,m (S)
either is part of the cycle H or it lies completely on
one side of H.
Note that even in this restricted setting there are
drawings with only Zn,m many crossings; see Figure 1
(left). Our first preliminary results show that this is
not the case if in addition H is alternating, that is,
n = m and the points of R and B appear alternatingly
along H; see Figure 1 (right).

Theorem 1 Every linearly separated rectilinear
drawing Kn,n (S) that admits a plane alternating
Hamiltonian cycle H not crossing any edge of the
drawing contains more than Zn,n crossings.
For the proof, we first show structural properties
of S and exhibit how H interacts with the separation line, showing that there are only two essentially
different possibilities. Then we prove that in both
cases, any large enough set S contains four points (two
points from each partition) such that the points from
the same partition form a so-called antipodal pair [1]
and the set S 0 without those pairs again admits a
plane alternating Hamiltonian cycle H not crossing
any edge. From the former we can conclude that if
S has at least Zn,n crossings then S 0 has at least
Zn−2,n−2 crossings. The latter enables us to apply
induction. An exhaustive analysis of all combinatorially different sets of small cardinality then completes
the proof of the theorem.
3

Remarks and ongoing work

We remark that the proof also works for separated
pseudolinear drawings. Also, it is not hard to see that
the considered drawings of Kn,n in our setting also
cannot be crossing-maximal. We are working on tight
upper and lower bounds for the number of crossings in
those drawings. Further, in collaboration with Oswin
Aichholzer and Daniel Perz, we are currently working
on the case in which H crosses the separation line only
a constant number of times and have already obtained
several results.

bn/2c

dn/2e
k
bm/2c − k

Lower bound

dm/2e − k
k

Figure 1: Partial separated drawings of Kn,m .
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Hamiltonian meander paths and cycles on bichromatic point sets
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Abstract
We show that any set of n blue and n red points on a
line admits a plane meander path, that is, a crossingfree spanning path that passes across the line on red
and blue points in alternation. For meander cycles,
we derive tight bounds on the minimum number of
necessary crossings which depend on the coloring of
the points. Finally, we provide some relations for the
number of plane meander paths.
1

Figure 1: A plane meander cycle (left) and a plane
meander path (right).

Proposition 1 A plane meander cycle on a bichromatic point set exists if and only if the vertices are
colored in alternating order along the x-axis.

Introduction

Let S be a set of n red and n blue points on the xaxis. We call S a bichromatic point set. A meander
path (cycle) P (C) is a spanning path (cycle) that visits the red and blue points of S in alternating order
and the edges of P (C) also lie above and below the
x-axis in alternation. We assume that every edge is
a simple Jordan arc. If the edges of the path (cycle)
do not cross each other, then we call it a plane meander path (cycle). See Figure 1 for examples. We
label a bichromatic point set S by p1 , . . . , p2n from
left to right. Unless stated otherwise, we direct a meander path to start at a blue point going upwards.
We immediately observe the following.

Proof. The sufficiency of the condition is evident for
any n. To see that it is also necessary, assume w.l.o.g.
that the leftmost point is red and orient the cycle so
that it goes upwards at this point. As every cycle
C alternates in both the color of the points and the
location w.r.t. the x-axis, C goes upwards at every
red point and downwards at every blue point. Moreover, C splits the plane into two connected regions,
the interior region and the exterior region. Thus the
parts of the x-axis which lie in the interior of C are
bounded by a red point on the left and a blue point on
the right. As the x-axis is split into alternating parts
interior and exterior of C by the points, consecutive
points on the x-axis cannot have the same color. 
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Several questions arise from this first observation.
1. Which colorings yield plane meander paths?
2. Can we bound the number of necessary crossings
of meandering cycles for a given coloring?
3. How many plane meander cycles / paths do exist?
For (1) we show the surprising result that any coloring admits a plane meander path. For (2) we present
a tight lower bound for the number of crossings in any
cycle in terms of how much the coloring differs from
an alternating coloring. We conclude with a result on
counting meander paths and some open problems.
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Related work. Meanders were already studied by
Poincaré [21]. According to Lando and Zvonkin [17],
the term “meander” was first suggested by Arnold [4],
due to the analogy of the concept with a river starting
from the north-west and meandering back and forth
across an infinite horizontal road. Plane meander
paths and cycles for uncolored point sets have been
studied in various areas of mathematics and physics,
including the map-folding problem [19], the stampfolding problem [9, 15], polymer chains [10], and problems in differential geometry [21] or topology [4].
A challenging problem in the combinatorics of meanders is to estimate Mn , the number of plane meander cycles that go across a horizontal line 2n times.
A lot of work has been done to enumerate plane meander cycles and paths [3, 5, 9, 11, 12, 14, 18, 22] and
some of their variants [7, 13, 20]. It is conjectured that
Mn ∼ Crn n−k , where C, r, and k are constants. The
best current bounds for r are 11.380 ≤ r ≤ 12.901,
due to Albert√and Paterson [3], and it is believed
that k = 29+12 145 ≈ 3.42 [11]. See also sequence
A005315 in the on-line encyclopedia of integer sequences (https://oeis.org/) for further references.
For bichromatic point sets, the study of the existence of plane meander cycles and paths is related to
the following classical problem in computational geometry (cf. [2] and see also [16]): What is the largest
number s(n) such that, for every set of n red and
n blue points on a circle, there exists a noncrossing straight-line alternating path consisting of s(n)
points? It has been shown that there exist configurations of red and blue points on the circle such that
s(n) ≤ 43 n + o(n) [1, 16], and it is conjectured that
|s(n) − 43 n| = o(n) for any bichromatic point set.
If straight-line segments are replaced by simple Jordan arcs, and the arcs alternate inside and outside the
circle, then the previous problem transforms into determining the largest number s0 (n) such that every set
of n red and n blue points on a line (one can think of
a line as a circle of infinite radius) admits a plane meander path on s0 (n) of the points. In contrast to the
result for noncrossing straight-line alternating paths,
we show the surprising result that s0 (n) = 2n, that is,
any valid coloring admits a plane meander path.
When crossings are allowed, we present a tight
lower bound for the number of crossings in any meander cycle in terms of of how much the coloring differs
from the alternating coloring on the line. A similar result was obtained in [6], where a tight lower bound was
given for the number of crossings in any straight-line
Hamiltonian alternating cycle for bichromatic point
sets on the circle.
2

approach (see the full version). An alternative version is used in this section, where we construct plane
meander paths based on a tree structure determined
by the coloring of the point set. It turns out that
the depth of such a tree gives a tight lower bound
on the number of crossings in any meander cycle on
the set. We denote the set of consecutive points on
the x-axis from pi to pj by [i, j]. Let rS (i, j) and
bS (i, j) be the number of red points and the number of
blue points of S in the interval [i, j], respectively. Let
dS (i, j) = rS (i, j) − bS (i, j), and let ∆(S) be the maximum of the absolute values of these differences over
all intervals [i, j], that is, ∆(S) = max[i,j] |dS (i, j)|.
The next observation allows us to cyclically shift the
point configuration.
Observation 2 For any bichomratic point set S and
any plane meander path P (cycle C) on S, P (C) is
also a plane meander path (cycle) of any point set
S 0 that is obtained by successively moving the first i
points of S after the last point of S.
Theorem 3 On every bichromatic point set, there
exists a plane meander path and a meander cycle with
∆(S) − 1 crossings.
Proof. By Observation 2, we can assume that
dS (1, j) = ∆(S) for some 1 ≤ j ≤ n and hence
r(1, j) > b(1, j) (see Figure 2a). We assign a left
bracket to every red point and a right bracket to every blue point, as shown in Figure 2b. The number
of left brackets in an interval [1, i] is always at least
the number of right brackets. (Otherwise, if this number is less than the number of right brackets in [1, i],
then ∆(S) < rS (i + 1, j) − bS (i + 1, j) when i < j
and ∆(S) < bS (j + 1, i) − rS (j + 1, i) when i > j, a
contradiction).
We now connect the brackets with arcs. If a right
bracket directly follows a left bracket, we connect then
with an arc drawn above the x-axis. We then remove
these two brackets and repeat the process of connecting two consecutive brackets (the first to the left and
the second to the right) until all brackets have been
connected with arcs (see Figure 2c).
Observe that this set of arcs form a tree. Each arc
can be seen as a vertex of the tree and two vertices are
connected if their corresponding arcs see each other.
We also add an extra vertex on the top part as the
root of the tree (see Figure 2d). Also observe that the
depth of the tree is precisely ∆(S).
We say that all vertices (arcs) that are at distance k
from the root form the k-th level. Next, we connect all
arcs with the same level k to form a plane path Pk . To
that end, assume that the arcs a1 , a2 , . . . , aj of level
k are ordered from left to right. For 1 ≤ i ≤ j − 1,
we connect the second endpoint of arc ai to the first
endpoint of arc ai+1 using an arc below the x-axis

Plane paths and crossing-minimal cycles

To show that for any valid coloring of S there exists
a plane meander path we developed an incremental
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Figure 3: Obtaining a meander cycle on S1 ∪ S2 by
combining two meander cycles on S1 and S2 .
(c)

(e)

(d)

Proof. The proof is by induction on the number of
points. The base of the induction is the bicolored
point set S consisting of one red point and one blue
point, and the cycle consisting of the duplicated edge
connecting these two points, one of the edges drawn
above the x-axis and the other below the x-axis.
Let C be a meander cycle on a bicolored point set
S with 2n points. If C does not have any crossing,
then the points of S alternate along the x-axis. Hence,
∆(S) is trivially 1 and the theorem follows.
Assume then that C has crossings and take one of
them, the crossing defined by edges uv and u0 v 0 , being
u and u0 red and v and v 0 being blue. We replace these
two edges by edges uv 0 and u0 v as shown in Figure 4
(note that there are two ways of drawing uv 0 and u0 v,
depending on the relative positions of u, u0 , v and v 0 ).
In this way, we obtain either a new meander cycle C 0
on S (with one fewer crossings) or two meander cycles C1 and C2 on two disjoint bicolored points sets S1
and S2 . By Observation 4, if these two cycles cross,
then we can obtain a new meander cycle on S (with
two fewer crossings). By iterating this process on the
crossings of C, we obtain either a noncrossing meander cycle on S, or two meander cycles C1 and C2 on
two disjoint bicolored points sets S1 and S2 such that
C1 and C2 do not cross.
In the first case, the points of S must alternate
along the x-axis, so ∆(S) = 1 and the theorem obviously holds. In the second case, we apply induction
on C1 and C2 . As C1 and C2 do not cross, the number
of crossings of C is at least ∆(S1 ) − 1 + ∆(S2 ) − 1 + t,
where t is the number of crossings of C removed to
obtain C1 and C2 . Observe now that, if [i, j] is the
interval such that dS (i, j) = ∆(S), then dS (i, j) =
rS (i, j) − bS (i, j) = (rS (i, j) ∩ S1 ) + (rS (i, j) ∩ S2 ) −
(bS (i, j) ∩ S1 ) − (bS (i, j) ∩ S2 ) ≤ ∆(S1 ) + ∆(S2 ).
As t ≥ 1, the number of crossings of C is at least
∆(S1 ) − 1 + ∆(S2 ) − 1 + t ≥ ∆(S) − 1, as required. 

(f)

Figure 2: Building a noncrossing meander path.
(see Figure 2e). Repeating this process for all levels,
we obtain ∆(S) paths whose union is crossing-free
and covers all points in S. (The paths may also be
completed to ∆(S) disjoint plane meander cycles.)
From this set of paths, we obtain a plane meander
path on S as follows. Note that, from left to right,
the first endpoints of these paths are all red and the
last endpoints are all blue. Thus, these paths can be
connected in a spiraling way by ∆(S) − 1 edges (between the red/blue endpoint of each path Pk and the
blue/red endpoint of the next path Pk+1 ) to a plane
meander path P on S (see Figure 2f). Finally, observe
that by connecting the two endpoints of P , we obtain
a meander cycle with exactly ∆(S) − 1 crossings. 
In the above proof we actually have two options
for the order in which we connect the paths of the
different levels, yielding two different meander paths
or (crossing) meander cycles. We note that the construction can be done in linear time, by first finding
the interval giving ∆(S) (as described in [8]), and then
building the tree using a stack.
It turns out that a meander cycle constructed in
the described way is actually crossing-minimal, i.e.,
the number of crossings of a meander cycle C on S
is at least ∆(S) − 1. To prove the bound, we use the
following trivial observation.
Observation 4 Let C1 and C2 be two meander cycles on two bicolored point sets S1 and S2 , with
S1 ∩ S2 = ∅. Suppose that edge uv ∈ C1 crosses
edge u0 v 0 ∈ C2 , with u and u0 being red and v and
v 0 being blue. Then, replacing edges uv and u0 v 0 by
edges uv 0 and u0 v as shown in Figure 3, we obtain a
meander cycle on S1 ∪ S2 .

3

Final remarks

Our construction of plane meander paths shows that
every bichromatic point set admits at least two meander paths. In our attempt of bounding the number
of paths, we showed that for some point configurations the number of paths is determined by the number of the number of blocks, i.e., maximal consecutive
monochromatic subsets.

Theorem 5 Given a bicolored point set S and a meander cycle C on S, the number of crossings of C is
at least ∆(S) − 1.
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Dpto. de Matemáticas, Facultad de Ciencias, Universidad Nacional Autónoma de México, D.F., Mexico.
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Abstract
Let S ⊂ [0, 1]2 be a set of n points, randomly and uniformly selected. Let R ∪ B be a random partition, or
coloring, of S in which each point of S is included in R
uniformly at random with probability 1/2. We study
the random number M (n) of points of S that are covered by the rectangles of a maximum strong matching
of S with axis-aligned rectangles. The matching consists of closed rectangles that cover exactly two points
of S of the same color. A matching is strong if all its
rectangles are pairwise disjoint. We prove that almost surely M (n) ≥ 0.83 n for n large enough. Our
approach is based on modeling a deterministic greedy
matching algorithm, that runs over the random point
set, as a Markov chain.
1

R and B are the sets of red and blue points, respectively. A geometric matching of S is called monochromatic if all matching objects cover points of the same
color, and bichromatic if all matching objects cover
points of different colors. For example, monochromatic matchings of two-colored point sets in the plane
with straight segments have been studied [4, 5]. In the
case of bichromatic matchings with straight segments,
a classical result in discrete geometry asserts that for
any planar point set S consisting of n red points and n
blue points in general position (i.e., no three points of
S are collinear) there exists a perfect, strong bichromatic matching of S with straight segments.
In this paper, we consider strong monochromatic
matchings with axis-aligned rectangles. Every rectangle will be axis-aligned and a closed set.
Caraballo et al. [2] studied monochromatic strong
matchings of S with rectangles from the algorithmic point of view. That is, the problem of finding a monochromatic strong matching of S with the
maximum number of rectangles; proving that the
problem is NP-hard and giving a polynomial-time 4approximation algorithm. As noted by Caraballo et
al., this problem is a special case of the Maximum Independent Set of Rectangles problem (MISR): Given
a finite set R of rectangles in the plane, find a subset
R0 ⊆ R of maximum cardinality, denoted α(R), such
that every pair of rectangles in R0 are disjoint.
Indeed, suppose that we want to find a monochromatic matching of S with the maximum number of
rectangles. For every distinct p, q ∈ R2 , let D(p, q)
be the minimum axis-aligned rectangle that encloses
p and q. Let R(S) be the set of all rectangles D(p, q)
such that p, q ∈ S, p and q have the same color, and
D(p, q) contains no points of S different from p and q.
Finding a monochromatic strong matching of S with
the maximum number of rectangles is equivalent to
finding in R(S) a maximum subset of pairwise disjoint rectangles, whose size is α(R(S)). That is, to
solving the MISR problem in R(S).
We study monochromatic strong matchings of S
with rectangles from the combinatorial point of view,
and from this point forward, every rectangle will cover
precisely two points of S. Point sets S = R ∪ B exist

Introduction

Given a point set S ⊂ R2 of n points, and a class C of
geometric objects, a geometric matching of S is a set
M ⊆ C such that each element of M contains exactly
two points of S and every point of S lies in at most one
element of M . A geometric matching is strong if the
geometric objects are pairwise disjoint, and perfect if
every point of S belongs to (or is covered by) some
element of M . This type of geometric matching problems was considered by Ábrego et al. [1], who studied
the existence and properties of matchings for point
sets in the plane when C is the class of axis-aligned
squares, or the class of disks.
Let S = R ∪ B ⊂ R2 be a set of n colored points
in the plane, each point colored red or blue, where
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in which no matching rectangle is possible (e.g., S is a
color-alternating sequence of points on the line y = x),
and point sets in which a perfect strong matching with
rectangles exists (e.g., an even number of red points
in the negative part of the line y = x, and an even
number of blue points in the positive part). These
two extreme cases show that it is not worth studying
the number α(R(S)) for fixed, or given, colored point
sets S. Instead, we want to study α(R(S)) when S
is a random point set in the square [0, 1]2 , in which
the positions of the n points of S are random and the
color of each point of S is also random. Formally:
Let n > 0, and let S ⊂ [0, 1]2 be a set of n points,
randomly and uniformly selected. Let R ∪ B be a
random partition (i.e., coloring) of S in which each
point of S is included in R uniformly at random
with probability 1/2. We study the random variable
M (n) = 2 · α(R(S)) equal to the number of points of
S that are covered by the rectangles of a maximum
monochromatic strong matching of S with rectangles.
Given a set S of n points, randomly and uniformly
selected in the square [0, 1]2 , Chen et al. [3] studied a similar variable: the random variable α(D(S)),
where D(S) is the random graph with vertex set S
and two points p, q ∈ S define an edge if and only if
D(p, q) ∩ S = {p, q}. Here, α(D(S)) denotes the size
of a maximum independent set of D(S).
One result of Chen et al. [3, Theorem 1] states
that if n tends to infinity, then we have α(D(S)) =
O(n(log2 log n)/ log n) with probability tending to 1.
This result implies that if C(n) denotes the number of points of S that are covered by a maximum
monochromatic matching of S with rectangles, where
the rectangles may overlap (i.e., the matching is not
necessarily strong), then C(n) = n − o(n) with probability tending to 1. In fact, let M 0 be a maximum
monochromatic matching of S with rectangles, where
M 0 is not necessarily strong, and let S 0 ⊂ S be the
points not covered by M 0 . Note that at least |S 0 |/2
points of S 0 have the same color, and they form an
independent set in the graph D(S). Then, with probability tending to 1, we have that M 0 covers at least
n−|S 0 | = n−O(n(log2 log n)/ log n) = n−o(n) points.
2

k
1
2
3
4
5
6
∞

n = 1000
mean
sdev
0.6653
0.0175
0.7948
0.0104
0.8301
0.0097
0.8555
0.0094
0.8727
0.0090
0.8860
0.0087
0.9724
0.0062

n = 10000
mean
sdev
0.6673
0.0052
0.7934
0.0036
0.8304
0.0034
0.8562
0.0028
0.8736
0.0026
0.8864
0.0026
0.9780
0.0022

Table 1: The experimental results obtained when running
the greedy matching algorithm for n ∈ {1000, 10000}, parameterized with k ∈ [1..6], or not parameterized (k = ∞).
For each combination n, k, we run the algorithm 100 times,
and measured the mean and standard deviation of the ratio between the total number of matched points and n.

uniformly. The program then runs a deterministic
algorithm on Sπ = R ∪ B that greedily finds a maximum independent subset of rectangles in R(Sπ ). The
algorithm iterates the points of Sπ from left to right,
and for each point p in the iteration, it performs the
following action: If p is not matched with any point
prior to p in the iteration, it finds the first point q to
the right of p such that D(p, q) ∈ R(Sπ ) and D(p, q)
has empty intersection with all matching rectangles
already reported. If q exists, the algorithm reports
D(p, q) as a matching rectangle. In any case, regardless of whether q exists, the algorithm continues the
iteration to the next unmatched point p.
For large n, say n = 10000, the implemented algorithm reports a matching covering approximately
97
97
100 n of the points. Then, it seems that M (n) ≥ 100 n
for n large enough and probability close to 1. Analyzing the algorithm, when run over the random Sπ ,
seems to be a good approach for obtaining a high
lower bound for M (n). One way to analyze the algorithm is to consider a parameterized version of it,
with a parameter k, such that each unmatched point
p finds its match point q among only the next k points
of Sπ to the right of p. Let Ak denote this parameterized algorithm. For experimental results, see Table 1.
We show how to model (an adaptation of) Ak as a
Markov chain, for any k ∈ {1, 2, . . .}. Then, we show
83
that A3 almost surely guarantees M (n) ≥ 100
n, for
n large enough, by computing the stationary distribution of the Markov chain and applying the Ergodic
theorem. See [6] for the theory on Markov chains.

Preliminaries

Since for matching S with rectangles, only the left-toright and bottom-to-top orders of S are relevant, and
since the probability that two points of S are in the
same vertical or horizontal line is zero, we consider S
equal to the point set Sπ = {(i, π(i)) | i = 1, 2, . . . , n},
where π : {1, 2, . . . , n} → {1, 2, . . . , n} is a randomly
and uniformly selected permutation. This assumption
was also done by Chen et al. [3].
We have implemented a program that, given n, generates a uniform random permutation π, and selects
the color of each p ∈ Sπ (red or blue) randomly and

3

The Markov chains

We consider S = Sπ , and whenever we say point i,
for i ∈ {1, 2, . . . , n}, or just i when it is clear from the
context, we are referring to the point pi := (i, π(i)) ∈
S. Let color(i) ∈ {R, B} denote the color of point i.
Let k ∈ {1, 2, 3, . . .} be a constant, and let Ãk be
the following adaptation of algorithm Ak , consisting
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E(j + 1)

in the next idea: Suppose that Ak matches points i
and j, with i < j ≤ i + k, when the iteration of Sπ is
on point i. Ãk iterates Sπ from left to right, and will
also match i and j but, in contrast with Ak , when
the iteration is on j, or on a point to the right of j.
Using Ãk instead of Ak , allows us to describe in a
more compact way the states of the memory of the
algorithm during the iteration of the elements of Sπ .
Let E(j) be the data structure associated with
point j ∈ {1, 2, . . . , n}, that is maintained by Ãk during the iteration of Sπ . For any j, let i = i(j) be the
smallest element in the set {max(1, j −(k −1)), . . . , j}
such that the point i is not matched, and each point
in {i + 1, . . . , j} is matched with a point to the left of
i or is not yet matched. If i exists, then E(j) consists
of the following elements:

Xj+1

i

e4
j+1
i
j+1

E(j), Xj

e6

j+1

e6

i

i
j

i

e5

e3
j+1
i
j+1

e7

j+1
i

• The set U (j) ⊆ {i, i + 1, . . . , j} of the points that
are not matched, with i ∈ U (j).
• The set Rect(j) of the (pairwise disjoint) rectangles that match the points in {i + 1, . . . , j} \ U (j)
with points to the left of i.
• The number f (j) of points of Sπ that are matched
while the iteration is at point j.

e8

Figure 1: Example of the data structure E(j), its state
Xj = e3 , and the states in the neighborhood N (e3 ) =
{e4 , e5 , e6 , e6 , e7 , e8 } corresponding to E(j + 1), for each
position and color of point j + 1. Note that f (e6 ) = 2,
and f (e) = 0 for all e ∈ {e4 , e5 , e7 , e8 }.

if: (i) the first components are equal, or one first component is symmetric to the other in the vertical direction, and (ii) the second components are equal.
Let E = {e1 , e2 , . . . , eN } be the set of all possible
states of E(j), which is a finite set, and let Xj ∈ E
be the random variable equal to the state of E(j).
Let e ∈ E be a state, and assume that e is the state
of E(j) for some j. Let f (e) = f (j) (with abuse
of notation), and let N (e) be the neighborhood of e,
which is the multiset consisting of the state of E(j +1)
for every color and every different relative position,
with respect to the elements of both U (j) and Rect(j),
of point j + 1. See for example Figure 1.

If i does not exist, then E(j) consists of the same
three above elements with U (j) = ∅ and Rect(j) = ∅.
For j = 1, we have U (1) = {1}, Rect(1) = ∅, and
f (1) = 0. We show now how to obtain E(j + 1) from
E(j), for any j ∈ {1, . . . , n − 1}. First, we match
points i and j + 1 if and only if j + 1 ≤ i + k,
color(i) = color(j + 1), and the rectangle D(pi , pj+1 )
does not overlap any rectangle in Rect(j). After that,
we match other points in (U (j) \ {i}) ∪ {j + 1} if
and only if i was matched in the previuos step, or we
have finished with point i. We say that we have finished with point i if there do not exist more chances
for point i to be matched, which is equivalent to
i + k ≤ j + 1. This final matching procedure consists in running the original algorithm Ak with input
the points {i + 1, . . . , j, j + 1}, but with the extra
condition that the algorithm terminates if the current
point t on the iteration of {i + 1, . . . , j, j + 1} from left
to right, cannot be matched with any other one to its
right. This is because t must find its match among
the points in {j + 2, . . . , t + k}, before any matching
between points in {t + 1, . . . , j + 1} occurs. We set
f (j + 1) equal to the total number of points matched
in the above steps. Obtaining U (j +1) and Rect(j +1)
is straightforward.
Let j ∈ {1, 2, . . . , n}. The state of E(j) is the 2tuple formed by: As first component, (a certificate of)
the relative positions between the points of U (j) and
the rectangles of Rect(j), together with the color of
each point of U (j). If the leftmost point is blue, then
we switch the color of every point such that the leftmost one is always red. As second component, f (j).
We say that two states e and e0 are equal (i.e., e = e0 )

Lemma 1 Let e, e0 ∈ E be two states. For every
j ≥ 2, we have:
Prob(Xj+1 = e0 | Xj = e) =

m
,
2 (|U (j)| + 2|Rect(j)| + 1)

where m is the multiplicity of e0 in N (e).
Proof. Through each point of U (j) draw a horizontal line, and for each rectangle of Rect(j) draw
a horizontal line through the top side and a horizontal line through the bottom side. Each of these
K = |U (j)| + 2|Rect(j)| lines goes through a different
element of Sπ , subdividing the plane into K +1 strips.
Since the point j + 1 is to the right of every point of
U (j) and every rectangle of Rect(j), its relative position w.r.t. the elements of U (j) and Rect(j) is to be in
one of these strips, and this happens with probability
1/(K + 1). Furthermore, the color of point j + 1 is
given with probability 1/2. The lemma follows.

Note that Prob(Xj+1 = xj+1 | Xj = xj , . . . , X1 =
x1 ) = Prob(Xj+1 = xj+1 | Xj = xj ) for all
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x1 , . . . , xj+1 ∈ E such that Prob(Xj = xj , . . . , X1 =
x1 ) > 0. Thus, (Xn )n≥1 is a Markov chain, denoted
Ck , over the set E = {e1 , e2 , . . . , eN } of states. Let P
be the transition matrix, of dimensions N × N , such
that Pi,j = Prob(X`+1 = ej | X` = ei ). The key observation is that the total number
Pn of points matched
by Ãk is precisely Mk (n) := j=1 f (Xj ).
A Markov chain is irreducible if with positive probability any state can be reached from any other
state [6]. It can be proved that Ck is irreducible. Since
Ck has a finite state set, it has a unique stationary distribution s = (s1 , s2 , . . . , sN ), which is the solution of
the system s = s · P, s1 + s2 + · · · + sN = 1
of
[6]. Furthermore, since f (e) ∈
 linear equations
e
for all e ∈ E, the function f is
0, 2, 4, . . . , 2d k+1
2
bounded and then the Ergodic theorem ensures
Mk (n)
=
n→∞
n
lim

lim

Using algorithm Ã3 , we give a precise value for α3 .
In Table 2, we describe the states, and the transitions between the states, of the Markov chain C3 .
Since f (e) = 2 for all e ∈ {e2 , e6 , e9 , e10 , e16 , e17 , e18 },
f (e11 ) = 4, f (e) = 0 for all other state e, and the
stationary distribution s = (s1 , . . . , s18 ) satisfies
s6 =

s11 =

13600
816233 ,

s16 =

69640
816233 ,
5950
816233 ,

s9 =

6800
816233 ,

s17 =

s10 =

1360
816233 ,

1190
816233 ,

=
=

2

(e1 , 1)

e3

0

(e4 , 1/6), (e5 , 1/6), (e6 , 1/3),
(e7 , 1/6), (e8 , 1/6)

e4

0

(e4 , 1/8), (e5 , 1/8), (e6 , 3/8),
(e7 , 1/8), (e9 , 1/4)

e5

0

(e10 , 3/4), (e11 , 1/4)

e6

2

(e2 , 1/4), (e12 , 1/8), (e13 , 1/8),
(e14 , 1/4), (e15 , 1/4)

e7

0

(e10 , 3/4), (e11 , 1/4)

e8

0

(e10 , 3/4), (e16 , 1/4)

e9

2

(e2 , 3/10), (e12 , 1/10), (e14 , 1/5),
(e15 , 1/5), (e17 , 1/5)

2

(e2 , 1/2), (e3 , 1/2)

4

(e1 , 1)

e12

0

(e2 , 1/2), (e3 , 3/10), (e6 , 1/5)

e13

0

(e2 , 1/2), (e3 , 3/10), (e6 , 1/5)

e14

0

(e2 , 3/10), (e3 , 1/2), (e6 , 1/5)

e15

0

(e2 , 1/2), (e3 , 3/10), (e6 , 1/5)

e16

2

e17

2

(e1 , 5/6), (e2 , 1/6)

e18

2

(e1 , 5/6), (e2 , 1/6)

∅

(e2 , 1/5), (e12 , 1/10), (e13 , 1/10),
(e14 , 1/10), (e15 , 3/10), (e18 , 1/5)

[3] X. Chen, J. Pach, M. Szegedy, and G. Tardos. Delaunay graphs of point sets in the plane with respect to
axis-parallel rectangles. Random Structures and Algorithms, 34(1):11–23, 2009.

we obtain
α3

∅

[2] L. E. Caraballo, C. Ochoa, P. Pérez-Lantero, and
J. Rojas-Ledesma. Matching colored points with
rectangles. Journal of Combinatorial Optimization,
33(2):403–421, 2017.

58650
816233 ,

s18 =

e2

neighbors of ei
(e2 , 1/2), (e3 , 1/2)

Table 2: The 18 states of the Markov chain for k = 3. In
the 2nd column we show the first component of ei , and in
the 3rd column the second component f (ei ). In the last
column we show the neighbor states of ei as a list of tuples
of the form (ej , Pi,j ), where Pi,j = Prob(X`+1 = ej | X` =
ei ) > 0 is the transition probability from ei to ej .

The Markov chain for k = 3

167959
816233 ,

f (ei )
0

e11

n
N
X
1X
f (Xj ) =
si f (ei ),
n→∞ n
j=1
i=1

s2 =

elem. of ei

e10

PN
almost surely [6]. Let αk = i=1 si f (ei ). We then
arrive to the main result of this paper:
Theorem 2 Let π : {1, 2, . . . , n} → {1, 2, . . . , n} be
a uniform random permutation. Let Sπ = {(i, π(i)) |
i = 1, 2, . . . , n} be a random point set, where the
color (red or blue) of each point of Sπ is selected
randomly and uniformly with probability 1/2. Let
k ∈ {1, 2, 3, . . .} be a constant. For all constant ε > 0
and n large enough, almost surely the number Mk (n)
of points of Sπ that are matched by the algorithm Ãk
satisfies Mk (n) ≥ (αk − ε)n.
4

ei
e1

2(s2 + s6 + s9 + s10 + s16 + s17 + s18 ) + 4s11
677498
816233 ≈ 0.830030151.

[4] A. Dumitrescu and R. Kaye. Matching colored points
in the plane: Some new results. Computational Geometry, 19(1):69–85, 2001.

By Theorem 2, taking ε = α3 − 0.83 > 0, for n large
enough we have almost surely that M (n) ≥ M3 (n) ≥
0.83 n. It can be noted in Table 1 that in practice this
lower bound is satisfied.

[5] A. Dumitrescu and W. L. Steiger. On a matching
problem in the plane. Discrete Mathematics, 211:183–
195, 2000.
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plane, where for every 1 ≤ i ≤ n, Si is the set of
elements of S colored with color ci . We assume that
each Si is non-empty and that S is in general position.
All polygons considered here are simple polygons. An
m-gon is a polygon with m vertices, and m-gons for
m = 3, 4, 5, 6, 7 are called triangles, quadrilaterals,
pentagons, hexagons, and heptagons, respectively.
Given an n-colored point set S, a polygon P is
called a perfect rainbow polygon if it contains exactly
one point of each color. We are interested in finding
the smallest number rn such that any n-colored point
set has a perfect rainbow polygon with at most rn
vertices.
It is well know that for every 3-colored point set S,
there exists an empty triangle such that its vertices
are in S and have different colors, that is, r3 = 3.
In this work, we determine the exact values of rn up
to n = 7, which is indeed the first case where rn > n.
Moreover, for general n, we show lower and upper
bounds on rn . Due to space constraints, most proofs
are only sketched or completely deferred to the full
paper.

Abstract
˙ n in
Given a planar n-colored point set S = S1 ∪˙ . . . ∪S
general position, a simple polygon P is called a perfect
rainbow polygon if it contains exactly one point of
each color. The rainbow index rn is the minimum
integer m such that every n-colored point set S has a
perfect rainbow polygon with at most m vertices. We
determine the values of rn for n ≤ 7, and prove that
≤ rn ≤ 10n
in general 20n−28
19
7 + 11.
1

Introduction

The study of colored point sets has attracted a lot of
interest, and particular attention has been given to
2-, 3-, and 4-colored point sets, see [1], [2], and [4].
˙ n be an n-colored point set in the
Let S = S1 ∪˙ . . . ∪S
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2

Rainbow indexes for n ≤ 7

Theorem 1 The rainbow indexes for n ≤ 7 are:
r3 = 3, r4 = 4, r5 = 5, r6 = 6, and r7 = 8.
Proof. We sketch the proofs for r6 and r7 . Figure 1
illustrates the lower bounds. For the upper bound
of r6 , we prove that parallel lines `3 and `4 as in Figure 2 do exist and we work out the cases there. For r7 ,
we proceed analogously, constructing the perfect rainbow 8-gon by adding two edges to the hexagon in order to capture a point of the seventh color.
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Figure 1: Lower bound constructions for r6 and r7 .
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Figure 2: Cases for the upper bound of r6 .
3

Upper bound for rainbow indexes

We show in this section that for any n-colored point
set, there exists a perfect rainbow polygon of size at
most 10n
7 + 11. To that end, we first give a lemma
showing that seven points (without colors) inside a
vertical strip can be always covered by a tree with
four vertices and a segment such that their union is
inside the strip and is non-crossing (see Figure 3b).

Figure 3: (a) Dividing the n points into groups of
size 7. (b) Applying Lemma 2 to each group. (c)
Joining all trees to the segment P 0 . (d) Building the
perfect rainbow polygon.

Lemma 2 Let {p1 , . . . , p7 } be the seven points of a
point set S, ordered from left to right. Let B be the
strip defined by the two vertical lines passing through
p1 and p7 , respectively. Then, there exist two noncrossing trees T1 and T2 , the first one of order 4 and
the second one of order 2, such that:

4

Lower bound for rainbow indexes

For every k ≥ 3, Dumitrescu et al. [3] constructed
a set S of n = 2k points in the plane such that every noncrossing covering path has at least (5n − 4)/9
edges. They also showed that every noncrossing covering tree for S has at least (9n − 4)/17 edges. Furthermore, every set of n ≥ 5 points in general position
in the plane admits a noncrossing covering tree with
at most dn/2e noncrossing segments, where a segment
is defined as a chain of collinear edges, and this bound
is the best possible.
In this section, we use the point sets constructed
in [3] to derive a lower bound for the complexity of
a covering tree under a new measure that we define
here. This bound, in turn, yields a lower bound on
the complexity of simple polygons that contain the
given points and have arbitrarily small area.

(i) The union of T1 and T2 covers the points of S, is
inside B and is non-crossing.
(ii) For every Ti , i = 1, 2, there exists a special leaf vi
such that the extension of the edge in Ti incident
to vi goes to the left. Moreover, if the extension
at vi hits Tj , then the extension at vj does not
hit Ti , that is, the two trees and the two extensions do not create cycles.
Theorem 3 For any n-colored point set S, there is a
perfect rainbow polygon of size at most 10n
7 + 11.
Figure 3 illustrates the method to obtain such a
perfect rainbow polygon. Assume that n = 7k. We
choose n points such that each point has a different
color. We divide the n points from left to right into
k groups of seven points each and apply Lemma 2
to each group to cover the seven points by two trees.
Then we join all trees to a long vertical segment P 0
placed to the left, by extending the edge adjacent to
the special leaf of each tree. Finally, we build a perfect rainbow polygon by surrounding the edges of the
obtained tree.

Covering Trees versus Polygons. Let T be a noncrossing geometric tree (i.e., plane straight-line tree).
Similarly to [3], we define a segment of T as a path
of collinear edges in T . Two segments of T may cross
at a vertex of degree 4 or higher; we are interested in
noncrossing segments. Any vertex of degree two and
incident to two collinear edges can be suppressed; consequently, we may assume that T has no such vertices.
Let M be a partition of the edges of T into the
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minimum number of pairwise noncrossing segments.
Let s = s(T ) denote the number of segments in M.
A fork of T (with respect to M) is a vertex v that
lies in the interior of a segment ab ∈ M, and is an
endpoint of another segment in M; the multiplicity
of the fork v is 2 if it is the endpoint of two segments
that lie on opposite sides of the supporting line of ab,
otherwise its multiplicity is 1. Let t = t(T ) denote
the sum of multiplicities of all forks in T with respect
to M.
We express the number of vertices in a polygon that
encloses a noncrossing geometric tree T in terms of
the parameters s and t. If all edges of T are collinear,
then s = 1 and T can be enclosed in a triangle. The
following lemma addresses the case that s ≥ 2.

segment endpoints. Finally, if v is a fork of multiplicity 2, then Dv contains deg(v) vertices of P and
deg(v) − 2 segment endpoints. In all cases, there is a
one-to-one correspondence between the vertices in P
lying in Dv and the segment endpoints and forks (with
multiplicity) in Dv . Consequently, the number of vertices in P equals the sum of the multiplicities of all
forks plus the number of segment endpoints, which is
2s + t, as required.

Next, we relate point sets to covering trees.
Lemma 5 Let S be a finite set of points in the plane,
not all on a line. Then there exists an ε > 0 such that
if S is contained in a simple polygon P with m vertices
and area(P ) ≤ ε, then S admits a noncrossing covering tree T and a partition of the edges into pairwise
noncrossing segments such that 2s + t ≤ m.

Lemma 4 Let T be a noncrossing geometric tree and
M a partition of the edges into the minimum number
of pairwise noncrossing segments. If s ≥ 2 then for
every ε > 0, there is a simple polygon P with 2s + t
vertices such that area(P ) ≤ ε and T lies in P .

Proof. Let m ≥ 3 be an integer such that for every
k ∈ N, there exists a simple polygon Pk with precisely
m vertices such that S ⊂ int(Pk ) and area(Pk ) ≤ k1 .
The real projective plane P R2 is a compactification
of R2 . By compactness, the sequence (Pk )k≥3 contains a convergent subsequence of polygons in P R2 .
The limit is a weakly simple polygon P with precisely
m vertices (some of which may coincide) such that
S ⊂ P and area(Pk ) = 0. The edges of P form a
set of pairwise noncrossing line segments (albeit with
possible overlaps) whose union is a connected set that
contains S. In particular, the union of the m edges
of P form a noncrossing covering tree T for S. The
transitive closure of the overlap relation between the
edges of P is an equivalence relation; the union of each
equivalence class is a line segment. These segments
are pairwise noncrossing (since the edges of P are
pairwise noncrossing), and yield a covering of T with
a set M of pairwise nonoverlapping and noncrossing
segments. Analogously to the proof of Lemma 4, at
each vertex v of T , there is a one-to-one correspondence between the vertices in P located at v and the
segment endpoints and forks (with multiplicity) located at v. This implies 2s + t = m with respect
to M.


Proof. Let δ > 0 be the sufficiently small constant
(specified below). For every vertex v of T , let Dv
be a disk of radius δ centered at v. We may assume
that δ > 0 is so small that the disks Dv , v ∈ V (T ),
are pairwise disjoint, and each Dv intersects only the
edges of T incident to v. Then the edges of T incident
to v partition Dv into deg(v) sectors. If deg(v) ≥ 3, at
most one of the sectors subtends a flat angle (i.e., an
angle equal to π). If deg(v) ≤ 2, none of the sectors
subtends a flat angle by assumption. Conversely, if
one of the sectors subtends a flat angle, then the two
incident edges are collinear; they are part of the same
segment (by the minimality of M), and hence v is a
fork of multiplicity 1.
In every sector that does not subtend a flat angle, choose a point in Dv on the angle bisector.
By connecting these points in counterclockwise order along T , we obtain a simple polygon P that contains T . Note that P lies in the δ-neighborhood of T ,
so area(P ) is less then the area of the δ-neighborhood
of T . The δ-neighborhood of a line segment of length `
has area 2`δ + πδ 2 . The δ-neighborhood of T is the
union of the δ-neighborhoods of its segments. Consequently, the area of the δ-neighborhood of T is
bounded above by 2Lδ + sπδ 2 , which is less than ε
if δ > 0 is sufficiently small.
It remains to show that P has 2s + t vertices, that
is, the total number of sectors whose angle is not flat
is precisely 2s + t. We define a matching between
the vertices of P and the set of segment endpoints
and forks (with multiplicity) in each disk Dv independently for every vertex v of T . If v is not a fork,
then Dv contains deg(v) vertices of P and deg(v) segment endpoints. If v is a fork of multiplicity 1, then
Dv contains deg(v) − 1 vertices of P and deg(v) − 2

Construction. We use the point set constructed by
Dumitrescu et al. [3]. We review some of its properties here. For every k ∈ N, they construct a set of
n = 2k points, S = {ai , bi : i = 1, . . . , k}. The pairs
{ai , bi } (i = 1, . . . , k}) are called twins. The points ai
(i = 1, . . . , k) lie on the parabola α = {(x, y) : y =
x2 }, sorted by increasing x-coordinate. The points bi
(i = 1, . . . , k) lie on a convex curve β above α, such
that dist(ai , bi ) < ε for a sufficiently small ε, the lines
ai bi are almost vertical with monotonically increasing
positive slopes (hence the supporting lines of any two
twins intersect below α). For i = 1, . . . , k, they also
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define pairwise disjoint disks Di (ε) of radius ε centered at ai such that bi ∈ Di (ε). Furthermore, (1)
no three points in S are collinear; (2) no two lines
determined by the points in S are parallel; and (3)
no three lines determined by disjoint pairs of points
in S are concurrent. Finally, the x-coordinates of ai
(i = 1, . . . , k) are chosen such that (4) for any four
points c1 , c2 , c3 , c4 from S, labeled by increasing xcorrdinate, the supporting lines of c1 c4 and c2 c3 cross
to the left of these points.

Lemma 9 Let S be a set of n = 2k ≥ 4 points
from [3]. Then every covering tree T of S satisfies
2s + t ≥ (20n − 8)/19.

Analysis. Let S be a set of n = 2k points defined
in [3] as described above, for some k > 1. Let M be a
set of pairwise noncrossing line segments in the plane
whose union is connected and contains S.
In particular, if T is a noncrossing covering tree
for S, then any partition the edges of T into pairwise
noncrossing segments could be taken to be M.
A segment in M is called perfect if it contains two
points in S; otherwise it is imperfect. By perturbing
the endpoints of the segments in M, if necessary, we
may assume that every point in S lies in the relative
interior of a segment in M. By the construction of S,
no three perfect segments are concurrent; so we can
define the set Γ of maximal chains of perfect segments;
we call these perfect chains. We rephrase two lemmas
from [3] using this terminology.

Proof. Let n = m − 1. We construct the point set
˙ 2 in general position as follows. Let S1 be
S = S1 ∪S
the set of n = 2k ≥ 4 points from [3], where each
point has a unique color. We can prove that there
is an ε > 0 such that if there is a simple polygon
of area at most ε with (20m − 8)/19 vertices that
contains S1 , then S1 admits a noncrossing spanning
tree and a partition of its edges into segments such
that 2s + t ≤ (20m − 8)/19.
Let S2 be the union of two disjoint ε/(2n)-nets for
the range space of triangles, that is, every triangle
of area ε/(2n) or more contains at least two points
in S2 . All points in S2 have color m. Now suppose,
for the sake of contradiction, that there exists a perfect rainbow polygon P with x vertices where x <
(20m − 28)/19. Triangulate P arbitrarily into x − 2
triangles. The area of the largest triangle is at least
area(P )/(x − 2). Since this triangle contains at most
one point from S2 , we have area(P )/(x − 2) ≤ ε/(2n),
and so area(P ) ≤ ε. By the choice of ε, S1 admits a
noncrossing spanning tree and a partition of its edges
into segments such that 2s + t < (20m − 8)/19. This
can be proved to be a contradiction, which completes
the proof.


We are now ready to prove the main result of this
section.
Theorem 10 For every odd integer m ≥ 5, there
exists a finite set of m-colored points in the plane
such that every perfect rainbow polygon has at least
(20m − 28)/19 vertices.

Lemma 6 [3, Lemma 7] Let pq be a perfect segment
in M that contains one point from each of the twins
{ai , bi } and {aj , bj }, where i < j. Assume that p is
the left endpoint of pq. Let s be the segment in M
containing the other point of the twin {ai , bi }. Then
one of the following four cases occurs.
Case 1: p is the endpoint of a perfect chain;
Case 2: s is imperfect;
Case 3: s is perfect, one of its endpoints v lies in
Di (ε), and v is the endpoint of a perfect chain;
Case 4: s is perfect and p is the common left endpoint
of segments pq and s.
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set whose convex hull contains the largest (or smallest) subset of the other color, or ask for a particular
condition, such as full containment. This problem can
be trivially solved in O(n log n) time. See Figure 1.

Abstract
Let O be a set of lines through the origin. Given two
disjoint sets of n red and n blue points in the plane,
we study the problem of maintaining the subset of
blue points contained in the O-convex hull of the red
point set while we rotate O around the origin. We describe efficient algorithms to solve the problem when
O contains two lines. We consider the case where we
simultaneously rotate both lines, and the case where
one line is rotated while the second one is kept fixed.
1

Figure 1: The set of blue points and the red convex
hull. The cases of full containment (left), partial containment (center), and no containment (right).

Introduction

Restricted-orientation convexity [4, 5] is a nontraditional notion of convexity that studies geometric
objects whose intersections with lines parallel to one
from a given set O are connected. Since this notion
of convexity was defined in the early eighties, several
results of topological and combinatorial flavors can
be found in the literature, as well as computational
problems that are usually adaptations of well-known
problems related to standard convexity [1, 4, 7, 9].
Despite all these results there are still fundamental
questions to be answered. In this paper we explore the
fundamental problem that, for illustrative purposes,
we describe next in the context of standard convexity.
Let R and B be two disjoint sets of n red and n blue
points in the plane. We want to compute the subset
of blue points contained in the convex hull of the red
point set. We may then ask, for example, which is the

Unlike the standard convex hull of a finite point set,
the O-convex hull (the restricted orientation version
of the standard convex hull) is orientation-dependent:
O-convex hulls of the same point set at different orientations of the lines in O are non-congruent to each
other. We thus translate the inclusion problem above
to restricted orientations as the problem of computing the subset of blue points contained in the red Oconvex hull, and maintaining this set of points while
we change the orientations of the lines in O.
We restrict the problem to a set O of two lines
passing through the origin. We first consider the case
where the lines are orthogonal to each other and both
are simultaneously rotated by an angle that goes from
0 to π/2. In this setting the O-convex hull is known
as the rectilinear convex hull [8]. We then consider
the case where one line is kept fixed while the second
one is rotated by an angle β that goes from 0 to π.
In this setting the O-convex hull is known as the Oβ convex hull [1]. In both cases we solve the problem in
optimal O(n log n) time and O(n) space.
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2

The rectilinear convex hull

In this section we assume that O is formed by two
orthogonal lines. A quadrant is a translation of one
of the four open regions that result from subtracting
the lines of O from the plane. Given a point set P , a
region in the plane is P -free if it contains no points of
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P . The rectilinear convex hull of P is defined as the
set of points
[
RH(P ) = R2 \
q,

q

p

q∈Q

where Q denotes the set of all P -free quadrants of the
plane. Let RHθ (P ) denote the rectilinear convex hull
of P computed after simultaneously rotating the lines
in O around the origin by an angle of θ in the counterclockwise direction. A P -free wedge with apex on a
point p ∈ P is maximal, if it is not contained in any
other P -free wedge with apex on p. We refer to the
aperture angle of a wedge as the size of the wedge.
Consider the disjoint point sets R and B. We adapt
the definition of Θ-maximality from Avis et al. [2] to
bichromatic point sets as follows.

q

Figure 2: On the right, two blue points and RHθ (R).
On the left, the lines of O and the blue maximal arcs.
Instead of drawing S1 , the maximal arcs of each blue
point are drawn separately on concentric circles for
the sake of clarity. Note that no consecutive rays intersect a maximal arc of p, and two pairs of consecutive rays intersect a maximal arc of q.
0 to π/2. We first compute all the R-free maximal
wedges with apex on a blue point and size at least
π/2. By Lemma 2 this can be done in O(n log n) time
and O(n) space. We then translate each wedge into
a blue maximal arc with respect to R. There are at
most three wedges per point of B and thus, each blue
point has at most three maximal arcs. From the set of
blue R-free maximal wedges we can therefore compute
the set of O(n) blue maximal arcs in O(n) time. We
store the set of all maximal arcs into a sorted circular
list L in O(n log n) time.
We now sweep S1 by counter-clockwise rotating O
from 0 to π/2, while using L to predict the next value
of θ where a ray passes over an endpoint of a maximal
arc (an intersection event). We update Bθ at each
intersection event according to the conditions from
Lemma 3. These conditions are checked for a blue
point bi using an auxiliary variable ni , that stores
the number of consecutive pairs of rays intersecting
a maximal arc of bi . Consider an intersection event
given by an endpoint of a maximal arc of a blue point
bi at an angle θ. The event is processed as follows: If a
pair of consecutive rays start intersecting the maximal
arc, then increase ni by one. If a pair of consecutive
rays stop intersecting the maximal arc, then decrease
ni by one. Leave ni unchanged if neither of the above
situations take place. Add bi to Bθ if ni = 0. Remove
bi from Bθ if ni = 1.
Since we have O(n) intersection events and we process each event in O(1) time, the sweeping process
takes O(n) time. We obtain the following result.

Definition 1 A blue point b is an unoriented π/2maximal with respect to R if there is an R-free maximal wedge with apex on b and size at least π/2.
By a straightforward adaptation of the results from
Avis et al. [2] we obtain the following Lemma.
Lemma 2 There is an algorithm to compute the set
of all blue unoriented π/2-maximals with respect to
R in O(n log n) time and O(n) space.
The algorithm mentioned in Lemma 2 receives as
input the sets R and B, and reports all the blue unoriented π/2-maximals with respect to R. For each
such maximal blue point b, the output also contains
the (at most three) R-free maximal wedges with apex
on b. Consider a blue point b that is an unoriented
π/2-maximal with respect to R. Let w be one of the
R-free maximal wedges with apex on b and size at
least π/2, and w0 be the wedge resulting from translating w so its apex lies on the origin. The maximal
arc of b induced by w is the circular arc that results
from the intersection between w0 and S1 (the unit
circle centered at the origin).
The origin splits the lines in O into four rays. We
say that two rays are consecutive to each other if they
are consecutive in their circular order around the origin. The following characterization is based on observations from Hurtado et al. [6].
Lemma 3 For a given value of θ, a point b ∈ B is
contained in RHθ (R) if, and only if, no maximal arc
of b with respect to R is intersected by two consecutive
rays defined by the lines in O. See Figure 2.

2.1

p

Theorem 4 The subset of blue points contained in
RHθ (R) can be maintained while θ is increased from
0 to π/2 in O(n log n) time and O(n) space.

The algorithm

3

Let Bθ denote the subset of blue points contained in
RHθ (R). Our characterization naturally leads to an
algorithm to maintain Bθ while θ is increased from

The Oβ -convex hull

For simplicity and without loss of generality, assume
that one of the lines in O is the x-axis and the slope of
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3.1

the second one is equal to tan(β). We denote this set
of lines with Oβ . An Oβ -quadrant is a translation of
one of the four open regions that result from subtracting the lines of Oβ from the plane. The Oβ -convex
hull of P is the set of points
[
Oβ H(P ) = R2 \
q,

Let Bβ denote the subset of blue points contained
in Oβ H(R). The algorithm to maintain Bβ while β
is increased from 0 to π is essentially the same we
described in Section 2. By Lemma 6 an intersection event is processed exactly in the same way. The
evident adaptation is the computation of the set of
maximal arcs. To compute the set of R-free maximal
wedges that contain an horizontal ray we use a sweepline algorithm on the set R ∪ B: Scan the set from top
to bottom. When visiting a red point, use an on-line
algorithm to construct the standard convex hull of the
red visited points, one point at a time. When visiting
a blue point b, compute the R-free wedges with apex
on b bounded by an horizontal line through b and the
tangents from b to the red convex hull. Repeat by
scanning the points from bottom to top. See again
Figure 3. This algorithm takes O(n log n) time and
O(n) space.

q∈Qβ

where Qβ is the set of all P -free Oβ -quadrants of the
plane. Based on the results from Alegrı́a et al. [1], the
characterization from Section 2 can be easily translated to Oβ -convexity.
Definition 5 For a given value of β, a blue point b
is a β-maximal with respect to R if there is an R-free
Oβ -quadrant with apex on b.
Every blue point b is the apex of at most two R-free
maximal wedges containing an horizontal ray. These
wedges define at most four angles as shown in Figure 3. The point b is a β-maximal with respect to R
if at least one of β1 , . . . , β4 is greater than β.

Theorem 7 The subset of blue points contained in
Oβ H(R) can be maintained while β is increased from
0 to π in O(n log n) time and O(n) space.
4

β2
β1

The lower bound

We show next that computing the subset of blue
points contained in RHθ (R) for a fixed value of θ
requires Ω(n log n) time in the algebraic computation
tree model. This result implies that the algorithm
from Section 2 is time optimal. The proof can also be
adapted to the Oβ -convex hull problem for the case
where β = π/2.

β4
β3

Figure 3: A blue point is the apex of two R-free maximal wedges that contain an horizontal ray.

Theorem 8 Computing the subset of B contained in
RHθ (R) for a fixed value of θ requires Ω(n log n) time
in the algebraic computation tree model.

We now rephrase Lemma 3 to β-convexity. The
definition of the maximal arc of a blue point with
respect to R is exactly the same, but considering only
maximal wedges that contain an horizontal ray.

Proof. By reduction from the Integer Set Disjointness (ISD) problem, which has a lower bound of
Ω(n log n) time in the algebraic computation tree
model [3]. Let X = {x1 , . . . , xn } and Y = {y1 , . . . , yn }
be two sets of integers input to the ISD problem.
Let m  min{x1 , . . . , xn , y1 , . . . , yn } and M 
max{x1 , . . . , xn , y1 , . . . , yn }. In O(n) time we transform X and Y into the input to our problem by producing the set of 2(n + 1) red points

Lemma 6 For a given value of β, a point b ∈ B is
contained in Oβ H(R) if, and only if, no maximal arc
of b with respect to R is intersected by two consecutive
rays. See Figure 4.

q
β

The algorithm

R = {riNW = (xi − α, xi + α) | 1 ≤ i ≤ n} ∪
{riSE = (xi + α, xi − α) | 1 ≤ i ≤ n} ∪
{rm = (m + 1, m + 1), rM = (M + 1, M + 1)},

p
q

and the set of 2(n + 1) blue points

p

B = {bNE
i = (yi + β, yi + β) | 1 ≤ i ≤ n} ∪
{bSW
= (yi − β, yi − β) | 1 ≤ i ≤ n} ∪
i
{bm = (m − 1, m − 1), bM = (M − 1, M − 1)}

Figure 4: Inclusion of blue points in Oβ H(R).
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An interesting generalization of the rectilinear convex hull is to consider a set of k lines, 2 ≤ k ≤ n,
with arbitrary slopes. Let r1 , . . . , r2k be the rays
formed by the lines in O labeled in circular order.
Let αi be the size of the wedge bounded by ri+1
and ri+k , where subindices are taken modulo 2k, and
Θ = min{α1 , . . . , α2k }. If Θ ≥ π/2, the O-convex
hull is defined in terms of wedges with size at least
π/2. We can thus adapt the characterization from
Section 2, and solve the problem when the lines in
O are simultaneously rotated around the origin also
in optimal O(n log n) time and O(n) space. When
Θ < π/2, by the results from Avis et al. [2] the time
complexity is increased by a factor of 1/Θ.

on the line with slope one, where 0 < β < α < 1/2.
We use the values α = 1/3 and β = 1/6 for our proof
and, without loss of generality, we assume that θ = 0.
The construction is illustrated in Figure 5.
riNW
1/3

1/3

bNE
j

1/6
1/6

bSW
j
riSE
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Abstract

always a pair of points such that any circle through
n
them has, both inside and outside, at least 4.7
points.
To prove their result, they transformed the problem
from circles in the plane to planes in R3 and used results on the number of j-facets of point sets in R3 .
The known upper bound on the number of enclosed
points is d n4 e − 1, due to a construction by Hayward
et al. [9]. Urrutia [17] conjectured that n4 ±c, for some
constant c, is the tight bound. For sets of n points in
convex position a tight bound of d n3 e − 1 is known [9].
Our contributions to this problem are the following
ones:
• In Section 2 we present a modified and shorter version of the proof of Edelsbrunner et al. [7] which also
leads to the result of Ramos and Viaña [15]. As
in [7], the proof makes use of properties of higher order Voronoi diagrams.
• The proposed modification gives rise to a Ramseytype result, shown in Section 3.
• In Section 4 we show that sets S of n red points and
m blue points contain a red point p and a blue point q
such that any
circle passing through them encloses at
√
n+m− n2 +m2
− o(n + m) points of S. For n = m
least
2
this gives the bound n(1 − √12 ) − o(n) ≈ 0.2928n.
The colored version of the problem was studied by
Prodromou [14] for any dimension d and b d+3
2 c colors. The particular case d = 2 in [14], Theorem 1.1,
gives a lower bound of n+m
on the number of en36
closed points. Our result improves this bound. We
also present an upper bound construction with n red
and n blue points in convex position.
• In Section 5 we study how many circles passing
through two given points p and q (and a third point
of S) enclose the same number of points of S. This
is equivalent to study how many edges of the orderk Voronoi diagram of S can lie on the same line.
Apart from [10] not much seems to be known on this
question. We present some constructions with many
collinear edges in higher order Voronoi diagrams. We
believe that this line of research can also lead to an improvement for the problem posed by Neumann-Lara
and Urrutia. See [3, 16] for related works. In the
following we omit some proofs due to lack of space.

We prove that every set of n red and n blue points in
the plane contains a red and a blue point such that
every circle through them encloses at least n(1− √12 )−
o(n) points of the set. This is a two-colored version of
a problem posed by Neumann-Lara and Urrutia. We
also show a Ramsey-type result for circles enclosing
points. The proofs make use of properties of higher
order Voronoi diagrams, in the spirit of the work of
Edelsbrunner, Hasan, Seidel and Shen on this topic.
Closely related, we also study the number of collinear
edges in higher order Voronoi diagrams and present
several constructions.
1

Introduction

Neumann-Lara and Urrutia [13] posed the following
problem: Prove that every set S of n points in the
plane contains two points p and q such that any circle
which passes through p and q encloses “many” points
of S. The question is to quantify this number of enclosed points which can always be guaranteed. We
only consider point sets without three collinear points
and without four cocircular points. We say that such a
point set is in general position. Almost all the results
on this question date back to the late 1980’s. The first
bound d n−2
60 e, by Neumann-Lara and Urrutia [13], was
improved in a series of papers [4, 8, 9]. The best bound
was obtained by Edelsbrunner et al. [7] who proved
that any set of n points in the plane contains two
points such that any circle through those two points
n
encloses at least n( 12 − √112 )+O(1) ≈ 4.7
points. Their
proof makes use of properties of higher order Voronoi
diagrams. 20 years later, Ramos and Viaña [15] made
progress and proved a stronger statement: There is
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2

An adaption of the proof by Edelsbrunner,
Hasan, Seidel and Shen

A direct correspondence between the numbers ck and
the number of faces of higher order Voronoi diagrams
is given for instance in [12].

Let S be a set of n points in general position. For each
pair of points p, q of S, let bpq be the perpendicular
bisector of the segment pq. Let B be this set of n2
perpendicular bisectors. For each pair of points p, q
of S, define Cpq as the set of circles passing through
them. The center of each circle in Cpq is on bpq . Any
line bpq in B is cut into n − 1 open segments (two
of them are unbounded) which are delimited by the
center points of the circles passing through p, q, and
one of the n − 2 remaining points of S. Any circle in
Cpq with center on one of these segments encloses the
same subset of points of S; its cardinality is the weight
of the segment. It is well known that if the weight of
such a segment is k − 1, then the segment is an edge
of the order-k Voronoi diagram, see e.g. [11].
The proof idea of Edelsbrunner et al. [7] is as follows. They show that the sum of all the edges of
the first order-k
Voronoi diagrams,
√
 for k = 1, 2, . . . , ≈
(1/2 − 1/ 12)n, is less than n2 . This implies that
one of the lines in B does not use any edge of the
first order-k Voronoi diagrams among its n − 1 segments. Consequently, for the two points p and q which
define bpq , √
any circle through them encloses at least
n(1/2 − 1/ 12) points of S. We present a similar
proof.

Observation 4 A circle passing through points
a, b, c ∈ S corresponds to three segments, one on bab ,
one on bac and one on bbc . Hence, when summing over
all n2 lines in B, the number of segments of weight
k plus the number of segments of weight n − k − 3
equals 3ck + 3cn−k−3 = 6(k + 1)(n − k − 2).
We state now the adapted proof idea: Using
Observation 4 we show that at least one of the lines
in B, say bpq , neither contains a segment of weight
k − 1 nor of weight n − k − 2, for some value k ≤ n−4
2
to be determined. Then, each of the n − 1 segments
of bpq has weight between k and n − k − 3. Therefore,
any circle passing through points p and q, which
define bpq , encloses between k and n −
 k − 3 points
of S. It turns out that k =
choice for k in the proof.

−

√1
12

n is the best

Claim: There exist two points p, q ∈ S such
that the perpendicular bisector bpq of pq neither contains a segment of weight k −1 nor of weight n−k −2.
Assume by contradiction, that every line in B contains a segment of weight k − 1 or of weight n − k − 2.
Partition the lines in B into three classes: (1) those
whose defining points p, q ∈ S form a j-edge for
j ≤ k − 1, (2) those whose defining points p, q ∈ S
form a j-edge for j ≥ k + 1, and (3) the lines corresponding to k-edges.
By Observation 3 each line of type (1) contains at
least one segment of weight k and at least one of
weight n − k − 3.
For any line bpq of type (2), its unbounded segments
have weights j ≥ k+1 and n−j −2 ≤ n−k−3, respectively. By assumption, bpq also contains a segment of
weight k−1 or of weight n−k−2. If bpq contains a segment of weight k − 1, then bpq contains two segments
of weight k; indeed, when traversing bpq , we go from a
segment of weight j ≥ k + 1 via one of weight k − 1 to
one of weight n−j −2 ≥ k+1; since the changes of the
weights of consecutive segments are ±1, we encounter
a subsequence of weights k + 1, k, k − 1, k, k + 1 among
the segments of bpq . In the same way, if bpq contains
a segment of weight n − k − 2, we encounter a subsequence of weights n−k −4, n−k −3, n−k −2, n−k −3
when traversing bpq . Hence, in this case bpq contains
two segments of weight n − k − 3. We conclude that
each line of type (1) and of type (2) in B contains at
least two segments with weight in the set {k, n−k−3}.
The
√ number of lines of type (3) is at most
O(n 3 k + 1), the known upper bound on the number
of k-edges [6].

Observation 1 When moving the center of a circle
in Cpq along bpq from one segment to the consecutive
one, the number of points contained in the two corresponding circles differs by ±1. Equivalently: The
weights of two consecutive segments on bpq differ by
±1.
For 0 ≤ j ≤ n−2
2 , a segment pq connecting two points
p, q of S is a j-edge of S, if the line through p and q
divides the plane into two open half-planes, such that
one of them contains j points of S.
Observation 2 Let pq be a j-edge, and let bpq be
the perpendicular bisector of pq. Then the two unbounded segments of bpq have weights j and n − j − 2.
Observation 3 Let pq be a j-edge of S, and let bpq
be the perpendicular bisector of pq. For every j ≤ k ≤
n − j − 2, the line bpq contains at least one segment
of weight k.
Let ck be the number of circles passing through
three points of S, that enclose exactly k points of
S. Differing from the proof of [7], we will use the
following property, obtained by Lee [11]; later proofs
were given in [2, 5, 12]:
ck + cn−k−3 = 2(k + 1)(n − k − 2)

1
2

(1)
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By Observation 4, the number of segments of weight
k or of weight n − k − 3 among all lines in B is

points of S. We then need a bound on the number of
segments of weight k plus the number of segments of
weight n + m − k − 3, among all bichromatic bisectors,
analogous to Observation 4.

6(k + 1)(n − k − 2).
We get a contradiction if

Observation 8 A circle passing through points
p1 , p2 , q ∈ S, with q of different color than p1 and p2 ,
corresponds to two segments, one on bp1 q and one on
bp2 q . Hence, when summing over all nm bichromatic
bisectors in B, the number of segments of weight k
plus the number of segments of weight n + m − k − 3
is at most 2ck + 2cn+m−k−3 = 4(k + 1)(n + m − k − 2).


 
√
n
3
6(k + 1)(n − k − 2) < 2
− O(n k + 1) ,
2
because then there would not be enough segments
to cover all the lines of type (1) and of type (2) in
B with two segments. Thelargest value
of k which

1
1
gives a contradiction is k = 2 − √12 n − o(n). This
proves the claim.
Therefore, there exist two points p, q ∈ S such that
bpq contains no segment of weight k−1 and no segment
of weight n − k − 2. Note that this line bpq is of type
(2). Then, bpq cannot contain a segment of weight i
for i < k −1 and for i > n−k −2 either. We thus have
obtained another proof of the theorem by Ramos and
Viaña [15], when neglecting sublinear terms:

Note that here we used Equation (1) which also counts
circles passing through three points of the same color.
Then, following the steps of the proof of Theorem 5,
we get that each line of type (1) and of type (2) in B
contains at least two segments with weight from the
set {k, n + m − k − 3}; and the
√ number of lines of
type (3) is at most O((n + m) 3 k + 1). Then we get
a contradiction if


√
3
4(k+1)(n+m−k−2) < 2 nm − O((n + m) k + 1) ,

Theorem 5 Every set S of n points in general position in the plane contains two points such that each
circle passing through them encloses
 at least k and at
most n−k−3 points of S, for k = 21 − √112 n−o(n).

because then there would not be enough segments to
cover all the lines of type (1) and of type (2)√in B with
2
2
two segments. Then, we can set k = n+m− 2 n +m −
o(n + m).


3

Figure 1 shows an upper bound construction, for
n red and n blue points in convex position; for every
pair of points, one red and the other blue, there is
no circle through them which encloses more than b n2 c
points of S.

A Ramsey-type result

A slight variation of the previous argumentation, and
using [1] instead of [6], leads to the following result.
Theorem 6 Let S be a set of n points in general position in the plane. Then S contains two points such
that one of the following holds:
(i) Every circle passing through them encloses at least
b n−2
3 c points of S.
(ii) Every circle passing through them encloses at
most b 2n−5
3 c points of S.

bpq

p

4

Two-colored point sets

Theorem 7 Every set S of n red points and m =
bcnc, for c ∈ (0, 1], blue points in general position in
the plane contains a red point p and a blue point q
such that any
circle passing through them encloses at
√
n+m− n2 +m2
least
− o(n + m) points of S.
2

×

q

Figure 1: Convex configuration S with n red points
and n blue points, consisting of four groups of b n2 c or
d n2 e points.

Proof. The proof is very similar to the one of Theorem 5. The difference is that we now only consider
bisectors bpq for points p and q of different color. Let
B be this set of nm bichromatic bisectors. Each bpq
in B is cut into n + m − 1 open segments, which are
delimited by the center points of the circles passing
through p, q, and one of the n + m − 2 remaining

5

Many segments of repeated weights

Proposition 9 There exists a set S of n points in
general position in the plane which satisfies: Let bk
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be the number of bisectors among pairs of points of S
that contribute with four edges to the order-k Voronoi
P2n/7
diagram of S. Then k=1 bk ≥ 4n
7 − o(n) and bk 6= 0
for at least n6 −o(n) values of k. Further, only a subset
of O(log(n)) points is needed to define these bisectors.

bp3q3

bp2q2

bp1q1

p
p5 p4 3 p2

bp4q4

q1

p6

p1

q2

The set of points of Proposition 9 is obtained recursively, we only hint at the recursive construction
in Figure 2.

C3,2
q3

bp5q5

C4,3

C2
q4

C3

C5,4

bpq

C4

p

C6,5
q5
p0

C5

q 0 r0

Figure 3: A set of 2n points. All 2n − 1 segments on
the bisector of any (n − 1)-edge have weight n − 2,
n − 1, or n.
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Figure 2: A recursive construction with many repeated weights.
For sets of 2n cocircular points, the segments on
the bisector of any (n − 1)-edge (a halving line) have
weight n − 1. Another, not so elementary, construction without four co-circular points is given in Proposition 10, see Figure 3.
Proposition 10 There exists a set S of 2n points in
general position in the plane such that every pair of
points p, q of S which defines a halving line satisfies:
Every circle passing through p and q encloses n−2, n−
1 or n points of S.
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n
leads to
4 − cr(S). Combining the two relations

P
Pbn/2c−1
n−3
n
iτ
(i)
=
i(n
−
i
−
2)E
−
2
.
In other
i
i=0
i=0
4
words, there is a direct relation between the triangle
vector and the vector of the numberof i-edges.
Pn−3 Therefore, and to lower bound cr(S) = n4 − i=0 iτ (i), we
are interested in upper bounds of the entries of τ . In
this note we show that for sufficiently large n we have
τ (n − 4) ≤ 3, τ (n − 5) ≤ 6, and τ (n − 6) ≤ 10.

Abstract
Let S be a set of n points in the plane in general
position. In this note we study the so-called triangle
vector τ of S. For each cardinality i, 0 ≤ i ≤ n − 3,
τ (i) is the number of triangles spanned by points of S
which contain exactly i points of S in their interior.
We show relations of this vector to other combinatorial structures and derive tight upper bounds for
several entries of τ , including τ (n − 6) to τ (n − 3).
1

2

Basics

Let CH(S) be the convex hull of S and | CH(S)|
the number of points from S on the boundary of
CH(S). We call a point of S on the boundary of
CH(S) extreme point of S and a line segment connecting two adjacent extreme points an extreme edge.
If S = {p1 , . . . , pn }, then for simplicity we write
CH(p1 , . . . , pn ) instead of CH({p1 , . . . , pn }).
For n = 4, . . . , 11, Table 1 gives tight upper bounds
for the entries of the triangle vector τ . We obtained
this by exhaustive computations using the order type
data base [1] which contains all combinatorially different point sets of size up to 11.

Introduction

Throughout this paper let S be a set of n points
in the plane in general position, that is, no three
points of S are on a line. We define τ (i) ≥ 0 to be
the number of i-triangles, that is, triangles spanned
by three points in S with exactly i points of S in
their interior. The triangle vector of S is defined as
τ = (τ (0), τ (1), . . . , τ (n − 3)). For example, if and
only if S is in convex position then τ (0) = n3 and
all other entries of τ are zero. If S has a triangular
convex hull then τ (n − 3) = 1, otherwise τ (n − 3) = 0.
This trivially implies
τ (n − 3) ≤ 1. Obviously also

Pn−3
n
τ
(i)
=
and
thus
τ (0) ≤ n3 .
i=0
3
Bounding the rectilinear crossing number cr(S) of
the complete geometric graph Kn on S is a central topic in discrete geometry; see [3] for a nice
survey. The following relation can be obtainedby
double counting 4-tuples of points: cr(S) = 3 n4 −
Pbn/2c−1
i(n − i − 2)Ei . Here Ei denotes the number
i=0
of i-edges in S, that is, the number of edges connecting two points of S with exactly i points of S on one
side of the line supporting this edge. Bounding the
number of i-edges is therefore used to obtain bounds
on the crossing number [3].
Similar, by double-counting the number
of 4-tuples
Pn−3
of S in non-convex position, we get
i=0 iτ (i) =

n|i
4
5
6
7
8
9
10
11

0
4
10
20
35
56
84
120
165

1
1
2
6
11
19
30
48
66

2

3

4

5

6

7

8

1
3
5
9
16
25
35

1
3
5
9
14
22

1
3
6
10
16

1
3
6
10

1
3
6

1
3

1

Table 1: Upper bounds for τ (i) for 0 ≤ i ≤ n − 3,
n = 4, . . . , 11.
In the remaining sections we will provide upper
bounds for several entries of τ . To this end the following definition will be useful.
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Definition 1 We denote by
∆ the set of all triangles spanned by (solely) inner
(i.e., non-extreme) points of S,
∆◦ the set of all triangles spanned by one extreme
point and two inner points of S,
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∆◦◦ the set of all triangles spanned by two extreme
points and one inner point of S,
∆◦◦◦ the set of all triangles spanned by (solely) extreme points of S.
For each of those sets we denote by |D|i the number
of i-triangles in D, D ∈ {∆, ∆◦ , ∆◦◦ , ∆◦◦◦ }.
3

n−6

Upper bound for τ (n − 4)

Next we provide a tight upper bound for τ (n − 4).
The proofs of the following two lemmas can be found
in the full version of this paper.

Figure 1: A point set with n − 6 points in the central
cell, showing τ (n − 4) = 3 for n ≥ 6.

Lemma 2 For all i < | CH(S)|, it holds that
τ (n − i) = 0.

4

Upper bound for τ (n − 5)

Our next goal is to derive an upper bound for τ (n−5).
Theorem 5 τ (n − 5) ≤ 6 for n ≥ 6.

Lemma 3 Let p1 , p2 , p3 , p4
∈ S and i ∈
{0, . . . , n − 3}. If both p1 , p2 , p3 and p1 , p2 , p4 span
i-triangles and p3 6= p4 , then neither triangle contains
the other.
Theorem 4 τ (n − 4) ≤ 3 for n ≥ 5.

Proof. (Sketch, see full version for a detailed proof)
For n = 6 the result follows from Table 1, therefore
we can assume n ≥ 7.
Similar to the proof of Theorem 4 we consider
different cardinalities of | CH(S)| in separate cases.

Proof. We distinguish three cases by different
cardinalities of | CH(S)|.

Case 1 | CH(S)| ≥ 6
Again Lemma 2 implies τ (n − 5) = 0.

Case 1 | CH(S)| ≥ 5
By Lemma 2 it follows that τ (n − 4) = 0 .

Case 2 | CH(S)| = 5
Observe that all (n − 5)-triangles are in ∆◦◦◦ , i.e.,
are spanned by three extreme points. No cell in the
5-gon is covered by more than five of those triangles,
therefore τ (n − 5) ≤ 5.

Case 2 | CH(S)| = 4
Exactly n − 4 points lie in the interior of the polygon
spanned by the extreme points of S. Thus every
existing (n − 4)-triangle belongs to ∆◦◦◦ .
As |∆◦◦◦ | = 4 and the fact that there are two disjoint
pairs of triangles in ∆◦◦◦ it follows that for n ≥ 5, we
get |∆◦◦◦ |n−4 ≤ 2, thus τ (n − 4) ≤ 2.

Case 3 | CH(S)| = 4
It can be shown that there are no (n − 5)-triangles in
∆ and ∆◦ and at most two (n − 5)-triangles in ∆◦◦◦ .
The last statement follows from the case distinction
depicted in Figure 2. For the triangles in ∆◦◦ , each

Case 3 | CH(S)| = 3
Exactly n − 3 points lie in the interior of the polygon
spanned by the extreme points of S, thus every
existing (n − 4)-triangle belongs to ∆◦◦ .
For a fixed line segment assume that it spans an
(n − 4)-triangle with an inner point. Then all other
inner points lie within this triangle, thus every
further (n − 4)-triangle spanned by this line segment
(and another inner point) is contained in the first
one which is a contradiction to Lemma 3. Therefore
we know that for every extreme edge of the triangle
we have at most one (n−4)-triangle, thus τ (n−4) ≤ 3.
Overall it follows that τ (n − 4) ≤ 3.

1
1

1
n-5

n-6

Figure 2: The possible cases for two (n − 5)-triangles
in ∆◦◦◦ for | CH(S)| = 4.
extreme edge of the 4-gon can span at most one
(n − 5)-triangle (cf. Lemma 3), therefore in total we
get τ (n − 5) ≤ 6.


Case 4 | CH(S)| = 3
Obviously we have |∆|n−5 = |∆◦◦◦ |n−5 = 0.
The upper bounds |∆◦◦ |n−5 ≤ 6 and |∆◦ |n−5 ≤ 3

Figure 1 provides an example showing that the upper bound τ (n − 4) ≤ 3 is tight for all n ≥ 6.
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(c) If there are at least three (n−6)-triangles in ∆◦◦
d ,
then |∆◦ |n−6 ≤ 2 and |∆◦◦◦ |n−6 = 0.
If there are exactly four (n − 6)-triangles in ∆◦◦
d ,
then |∆◦ |n−6 = 0.

are rather easy to derive: each extreme edge spans
at most two (n − 5)-triangles (Lemma 3) and each
extreme point spans at most one (n − 5)-triangle,
respectively. The main effort is required to show
that in total those two sets contain at most six
(n − 5)-triangles.
If one edge spans two (n − 5)-triangles, its two adjacent extreme points do not span any (n − 5)-triangle
with two inner points. Therefore we can conclude
that for |∆◦◦ |n−5 ≥ 4 (in this case at least one edge
spans two (n-5)-triangles) it follows |∆◦ |n−5 ≤ 1 and
for |∆◦◦ |n−5 ≥ 5 (i.e., at least two edges span two
(n − 5)-triangles, respectively) it holds |∆◦ |n−5 = 0.

(d) If there are two (n − 6)-triangles in ∆◦◦
d , then
|∆◦ ∪ ∆◦◦◦ |n−6 ≤ 4.
Lemma 8 Let | CH(S)| = 3. If an extreme edge pq
of S spans three (n − 6)-triangles in ∆◦◦ , then neither
p nor q is incident to any (n − 6)-triangle in ∆◦ .
Theorem 9 τ (n − 6) ≤ 10 for n ≥ 8.

This proves the assumption |∆◦ ∪ ∆◦◦ |n−5 ≤ 6,
and thus τ (n − 5) ≤ 6.


Proof. (Sketch, see full version for a detailed proof)
For 8 ≤ n ≤ 11 the result follows from Table 1. Thus
we can assume n ≥ 12.

Figure 3 shows two different examples reaching the
upper bound τ (n − 5) = 6.

Case 1 | CH(S)| ≥ 7
By Lemma 2 we have τ (n − 6) = 0.

n−9

Case 2 | CH(S)| = 6
As all possible (n − 6)-triangles lie in ∆◦◦◦ , i.e., are
spanned by extreme points of S, the idea is, similar
as in the Proof of Case 2 of Theorem 5, to count
the number of covering triangles for each cell in the
6-gon. It follows that |∆◦◦◦ |n−6 ≤ 8, i.e., τ (n−6) ≤ 8.

n−9

Case 3 | CH(S)| = 5
We consider the triangles in ∆, ∆◦ , ∆◦◦◦ , ∆◦◦
e and
∆◦◦
separately.
d
For the first three sets, we get upper bounds
|∆|n−6 = |∆◦ |n−6 = 0 and |∆◦◦◦ |n−6 ≤ 4.
◦◦
For the triangles in ∆◦◦
e and ∆d we consider two
possible cases each. We have either |∆◦◦
e |n−6 = 3 and
◦◦◦
|∆◦◦◦ |n−6 = 0 or |∆◦◦
|
≤
2
and
|∆
|n−6 ≤ 4.
n−6
e
◦◦
◦◦◦
Therefore it follows that |∆e ∪ ∆ |n−6 ≤ 6.
On the other hand we have |∆◦◦
d |n−6 ≤ 5, but for
◦◦◦
|∆◦◦
|
=
5
we
can
conclude
|∆
|n−6 = 0.
n−6
d
Overall it follows that τ (n − 6) ≤ 10.

Figure 3: Two point sets, each with n − 9 points in
the central cell, with τ (n − 5) = 6 .

5

Upper bound for τ (n − 6)

For the proof of our next statement we need an additional definition concerning the triangles in ∆◦◦ .
Definition 6 By ∆◦◦
e we denote the set of all triangles in ∆◦◦ spanned by an extreme edge, i.e., two
adjacent extreme points of S and one inner point, and
◦◦
by ∆◦◦
spanned by a did the set of all triangles in ∆
agonal, i.e., two nonadjacent extreme points of S and
one inner point.

Case 4 | CH(S)| = 4
In this case we again prove upper bounds for different
set individually. However, it is much more tedious
to show that in total the number of (n − 6)-triangles
does not exceed the claimed upper bound.
For the separate upper bounds we get

◦◦
◦◦
Note that ∆◦◦
e and ∆d are disjoint and that ∆e ∪
◦◦
◦◦
◦◦
◦◦
◦◦
∆d = ∆ , implying |∆e |i + |∆d |i = |∆ |i .
The proofs of the following statements can be found
in the full version.

• |∆|n−6 = 0,
• |∆◦ |n−6 ≤ 4,

Lemma 7 Let | CH(S)| = 4. Then the following implications hold:
(a) If there are six (n − 6)-triangles in
|∆◦ |n−6 = 0.

∆◦◦
e ,

• |∆◦◦◦ |n−6 ≤ 2,

then

• |∆◦ ∪ ∆◦◦◦ |n−6 ≤ 5,
• |∆◦◦
d |n−6 ≤ 4,

(b) If there are five (n − 6)-triangles in ∆◦◦
e , then
|∆◦ |n−6 ≤ 2 and |∆◦◦◦ |n−6 = 0.

• |∆◦◦
e |n−6 ≤ 6.
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Cases 5c and 5d |∆◦◦ |n−6 = 4, 5
In both cases a more sophisticated case analysis
has to be made. For example we show which extreme points span how many (n-6)-triangles and
how they are related.

Figure 4 indicates how these upper bounds affect each
other and which implications (provided by Lemma 7)
are needed to approach the overall upper bound of
◦◦
◦◦◦
τ (n − 6) = |∆ ∪ ∆◦ ∪ ∆◦◦
|n−6 ≤ 10.
e ∪ ∆d ∪ ∆
||∆◦◦
e ||n−6 = 6

||∆◦◦
e ||n−6 = 5

||∆◦ ||n−6 = 0

||∆◦ ||n−6 ≤ 2
||∆◦◦◦ ||n−6 = 0

||∆◦◦
d ||n−6 ≤ 2

||∆◦◦
d ||n−6 ∈ {3, 4}

||∆◦◦
d ||n−6 = 4

Case 5e |∆◦◦ |n−6 = 6
In that case each extreme point spans two (n−6)triangles. Using further observations it follows
that either |∆◦◦ |n−6 ≤ 3 or else |∆◦◦ |n−6 ≤ 4
and |∆|n−6 = 0.

||∆◦◦
d ||n−6 ≤ 3

This concludes the case | CH(S)| = 3.
||∆◦◦◦ ||n−6 = 0

||∆◦◦◦ ||n−6 ≤ 2

||∆◦ ||n−6 = 0

In summary for all cases we obtained the claimed
upper bound τ (n − 6) ≤ 10.


||∆◦◦
e ||n−6 ≤ 4

||∆◦◦
d ||n−6 ∈ {3, 4}

||∆◦ ||n−6 ≤ 2
◦◦◦

||∆

||∆◦◦
d ||n−6 = 2

Figure 5 shows a point set obtaining the upper
bound τ (n − 6) = 10, implying that Theorem 9 is
tight.
||∆◦◦
d ||n−6 = 1

||∆◦ ∪ ∆◦◦◦ ||n−6 ≤ 4 ||∆◦ ∪ ∆◦◦◦ ||n−6 ≤ 5

||n−6 = 0

n − 10

follows by Lemma 7 (a)
follows by Lemma 7 (b)
follows by Lemma 7 (c)
follows by Lemma 7 (d)

Figure 4: Overview on how to show that τ (n−6) ≤ 10.
Both statements for the separately considered subsets
are used and implications between the subsets provided by Lemma 7 are indicated by colored arrows.

Figure 5: A point set with τ (n − 6) = 10. Six (n − 6)triangles in ∆◦◦
e are drawn in black; four (n − 6)triangles in ∆◦◦
d are drawn in yellow and orange.

Case 5 | CH(S)| = 3
For the case of n − 3 inner points we get the following
upper bounds:

6

Conclusion

We have shown tight upper bounds for τ (n − 6) to
τ (n − 4). This leads us to the following conjecture,
which holds for k ≤ 6.

• |∆|n−6 ≤ 1
• |∆◦ |n−6 ≤ 6

Conjecture 10 For a constant k, 3 ≤ k ≤ 10, and n
large enough we have τ (n − k) ≤ k−1
2 .

• |∆◦◦ |n−6 ≤ 9
• |∆◦◦◦ |n−6 = 0
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Abstract
Classifying lattice polytopes in dimension bigger than
3 is a difficult task. One of the main problems is
finding good upper bounds for the volume of these
lattice polytopes in order to enumerate them.
In [2] upper bounds for hollow and empty 4simplices are obtained with new techniques. The upper bounds obtained by Iglesias-Valiño and Santos
are not tight and the exhaustive enumeration of the
empty simplices that is necessary to complete the classification of empty 4-simplices requires about 10000
hours of computation time.
In order to get new classifications of polytopes
with more lattice points or in bigger dimensions, the
method for obtaining good upper bounds should be
improved since the enumeration part of the classification grows quite fast and the amount of computation
time needed for giving an exhaustive answer to these
problems would be non feasible.
In this work, we propose a method to generate random lattice simplices with a Poisson distribution and
measuring statistics of them in order to obtain better
upper bounds. The reasoning for selection Poisson
is the existence of some results for random polytopes
generated by using this distribution. Some central
limit theorems have been obtained for the volume,
number of i-dimensional faces, f -vector, etc [1, 3].
In the method we construct simplices of the form
σ(v) := conv{e1 , e2 , e3 , e4 , v}, where v ∈ R4 is obtained by generating every vi component of v as a
random integer number following the Poisson distribution, that allow us to get a random σ(v). Once we
obtain the σ(v) simplices we calculate how many of
them are empty and their width.
With these results we hope to deduce an approximated range for the volume of polytopes being empty
and having a bounded width. This range can be compared with the theoretical bounds for this class of
lattice polytopes and the actual range that contains
them in order to check if the method constructed gives
a valid evidence to give good upper bounds.
If we take as example empty 4-simplices of width
greater than 2, the complete list has lattice volume be-

Figure 1: Empty 4-simplices of width greater than
two detected .
tween 41 and 179, where most of this type of empty
simplices are in the interval [41, 127] with 6 sporadic
examples with volumes from 127 to 179 [2]. Applying the random Poisson method, we have constructed
10000 simplices of type σ(v) for different parameters
that give polytopes with different volumes.
As result, we can see in Figure 1, that we can
recover most part of the range where the empty 4simplices of width greater than 2, but 5 cases with
volume bigger than 127 are not detected.
The goal of the project is finding a new method for
obtaining upper bounds for hollow lattice polytopes.
This new method would present evidence of an upper
bound that can lead to conjectural classifications, but
even more importantly, it reduces the time of exhaustive enumerations that make these classifications out
of reach with the current techniques.
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In order to efficiently interpolate point clouds that

In order to work with a given point set P in the
plane or in space, it is often desirable to “connect” the
points by imposing some additional structure. One of
the simplest procedures, namely piecewise-linear interpolation, yields a triangulation of P . This idea
goes back to the astronomers of Ancient Babylon and
Greece, but already in the early Medieval Age mathematicians in both China and India used polynomials
of degree 2 or 3 [4]. The general formula for polynomial interpolation was given by Newton, but the
technique saw wide-spread practical adoption only in
the 20th century with the work by Bézier (Renault)
and de Casteljau (Citroën) on parametric piecewise
polynomial interpolation in the plane and in 3-space.
The fundamental idea of Bézier interpolation is to
map a rectangular patch of the plane into 3-space in
such a way that it closely approximates at least some
portion of the points in P . Moreover, the placing of
the control points that govern this mapping is sufficiently intuitive that the technique has been widely
adopted by engineers of all specialties.
More recently, Krasauskas [3] applied the large
body of previous work on toric varieties [2] to generalize the shape of the patch that is mapped into the
point set. Not only is it now allowed to have multiple sides, but even the topology may vary. Moreover,
an additional parameter controls the “degeneration”

Figure 2: Interpolation by means of a toric surface
patch. Picture from [5]
come from objects with singularities and/or symmetry groups acting on them, we therefore try to adapt
the known techniques to cover also toric orbifolds,
mainly through the study of examples. The essential
technical tool are Cox’ homogeneous coordinates [2,
Chapter 5].

Figure 3: An orbifold with its universal covering
space. Picture from [1]
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Figure 1: Degenerating surface patch. Picture from [5]
of the toric patch, which allows one to move from an
almost piecewise-linear interpolation to a smooth one.
However, the smooth toric patches considered in [3,
5] are not able to model objects that have singularities with a symmetry group acting on them.
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Introduction

In [1, Th. 3.5] Castillo and Liu use the Ψ valuation
to reduce the case of the generalized permutahedron
to the regular permutahedron, and prove Ehrhart positivity of the regular permutahedron for dimension up
to 6, and for faces of codimension up to 3. The obstacle they find is the difficulty to handle Ψ for large
dimensions. In the general case, Ψ has a convoluted
recursive definition.

Ehrhart proved that the function iP (t) that counts
the number of integer points in the t-th dilation of
a d-dimensional integral polytope P is a polynomial
in t of degree d = dim P . It is called the Ehrhart
polynomial.
Understanding these polynomials is of great interest to get a better comprehension of the problem of
counting integer points in a polytope, and in particular, understanding sign patterns of their coefficients.
We say that P is Ehrhart positive if all coefficients
of iP (t) are positive. We refer to [2] for a survey on
what is currently known about Ehrhart positivity.
In [1], Castillo and Liu conjecture that generalized
permutohedra are Ehrhart positive, and prove their
conjecture for dimension up to 6, generalizing the conjecture in [3] that matroid base polytopes are Ehrhart
positive. We study this conjecture using a similar approach to [1], but trying to get more information from
the symmetry properties of the permutahedron.
2

3

Our approach consists of studying (1) for orbit polytopes. Let G ⊆ Gld (Z) be a finite group of nonsingular matrices with integer entries. The orbit
polytope generated by a point v ∈ Rd under G is the
convex hull P = conv ({g(v) : g ∈ G}) of the orbit
of v, when G acts on points in Rd . Permutohedra can
be realized as orbit polytopes with respect to the symmetric group. For every dimension k, we consider G
as acting on k-faces of P , and study how (1) becomes
simpler when symmetry is taken into account.
We are working on 2- and 3-dimensional polytopes,
and have obtained promising partial results: computing Ψ explicitly becomes intractable for large dimension, while our approach could reduce the computations needed.
Finally, we consider this approach to be insightful
in the study of Ehrhart positivity for other types of
orbit polytopes.

Berline-Verge valuation. Formula for Ehrhart
coefficients

In [4] Berline and Vergne propose a construction of
a valuation Ψ : P(Rd ) → M(Cd ) on the algebra of
rational polyhedra P(Rd ) to M(Cd ), the set of meromorphic functions in Cd .
The evaluation of these meromorphic functions at
the origin gives rise to a local formula for iP (t). Here
local means that it is computed as a sum of contribution of every face, and the contribution of each face
depends essentially on the tangent cone, i.e., the cone
of feasible directions for P at that face. Using the
notation in [1, Eq. 3.2], the formula is
X
[tk ]iP (t) =
α(F, P ) · nvol(F ), (1)
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where α(F, P ) = Ψ([tcone(F, P )]) depends only on
the tangent cone at the face F , and nvol(F) is the
normalized volume of F . With this formula, positivity of Ehrhart coefficients comes from positivity of
α(F, P ), which is a stronger condition.
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Given a graph G = (V, E), a subset D ⊆ V such
that every vertex in V (including the vertices in D) is
adjacent to a vertex in D is called a total dominating
set. The total domination number, denoted by γt (G),
is the minimum cardinality of a total dominating set
of G. Given a graph G and an integer k ≥ 0, deciding
whether γt (G) ≤ k is an NP-Complete problem, even
for planar graphs.
It is proved in [1, 2] that, with two exceptions,
γt (G) ≤ b 2n
5 c for maximal outerplanar graphs G
of order n ≥ 5 (MOP for short). In this paper,
we show that this upper bound also holds for neartriangulations of order n ≥ 5, with the same two previous exceptions. A near-triangulation can be seen as
a straight-line drawing of a planar graph such that all
faces are triangles except for the outer face that consists of vertices C = {u1 , . . . , uh } clockwise ordered.
A near-triangulation T is reducible if T contains a
triangle ∆ = (ui , ui+1 , v) such that v is an interior
vertex. Let T be a non-reducible near-triangulation.
A polygon P consisting of vertices {u01 , . . . , u0k } ∈ C,
clockwise ordered, is a terminal polygon if the sides of
P are diagonals of T , P does not contain any other
diagonal of T , and the near-triangulation Mi not containing P defined for each side di = (u0i , u0i+1 ) is always a MOP, except for perhaps Mk . See Figure 1.

u2
u01 = u1

u0k
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u02
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v40
M4

u03
M3
u04

Figure 1: A terminal polygon P = {u01 , . . . , u0k }, defining k −1 MOPs of size 5 and a near-triangulation Mk .
i = 1, . . . , k − 1, and a near-triangulation Mk . For
this case, one can prove that there is always an interior vertex vj0 such that the removal of the MOPs
M1 , . . . , Mj and the vertices u02 , . . . , u0j , vj0 results in a
near-triangulation T 0 . Each pair Mi ∪ Mi+1 can be
totally dominated by three vertices (squared vertices
in Figure 1) and induction is applied to T 0 .
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Sketch of the proof. We proceed by double induction on the number m of interior vertices of T and the
number n of vertices of T . If T is reducible, then by
removing a suitable boundary edge of T we obtain a
near-triangulation with fewer interior vertices and induction is applied. If T is non-reducible, then T necessarily has a terminal polygon P with k ≥ 3 sides. We
analyze 12 cases, according to the sizes of the MOPs
Mj . Figure 1 shows one of the cases: |Mi | = 5, for
† Email:

M1

Mk

Theorem 1 If T = (V, E) is a near-triangulation of
order n ≥ 5, then γt (G) ≤ b 2n
5 c with two exceptions.
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Can one shape the color of a graph?
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In this work, we consider two different concepts, a
priori without relation between them, but their combination gives rise to interesting problems.
In [2], it is defined the concept of Contrast in
greyscales of graphs.
Namely, given the graph
G(V, E), a greyscale is a mapping that associates a
value from the interval [0, 1] to each vertex v ∈ V .
This assignment can be understood as an extension
of the colouring of the vertices of G with tones of
grey. The absolute values of the differences of grey
tones between end–points of every edge are ordered
in lexicographically increasing order and make up the
contrast vector of the greyscale. The aim of the contrast problem is to find the maximum contrast vector
and the maximum contrast greyscales that give rise
to it, for the given graph.
On the other hand, there exists a broad literature
on realization of graphs in the euclidean space (euclidean graphs), in particular unit–distance graphs
(see, for instance [1, 3]). In this way, it is a natural
question to ask whether the length assigned by the
maximum contrast is realizable or not. More specifically, the only maximum contrast vector of a given
graph G makes G a weighted graph, and we can ask
whether it is possible to map its vertices to points in
Rd and its edges to segments (without crossings) joining the corresponding points in such a way that the
length of each segment is just its weight, that is, its
associated grey tone in the maximum contrast vector. In other words, we are interested in determining
whether a given graph weighted by its maximum contrast is realizable in Rd (with non–crossing edges). If
the answer is positive we say that the maximum contrast of G is realizable in Rd or, equivalently, G is mc–
realizable in Rd . Using this idea, we can defined the
mc–realizability index of G, denoted r(G), as the minimum dimension d such that the maximum contrast
of G is realizable in Rd , and we say that r(G) = +∞
if G is not mc–realizable in any Rd .
The following statements are straightforward consequences of the triangle inequality.

Proposition 1 Let G be a mc–realizable graph and
u and v be two adjacent vertices of G, it holds that:
1. The distance between u and v is the contrast
(weight) of the edge uv.
2. Any path joining u and v, different from uv, must
be strictly longer than the contrast of the edge
uv.
3. G is triangle–free.
If we focus on the family of bipartite graphs (of particular interest since they are unit–distance graphs),
the following result can be stated:
Theorem 2 Any bipartite graph is mc–realizable.
Furthemore, for any d there exists a bipartite graph
G such that r(G) > d.
In this context, we have initiated the study of some
questions, among them:
1. If G is mc–realizable in Rd , find the minimum d.
2. Characterize the
realizability index.

graphs

with

low

mc–

3. Find the mc–realizability index of bipartite
graphs.
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1

2

Tufts University, USA
State University of New York at Stony Brook, USA
3
Villanova University, USA
4
Massachusetts Institute of Technology, USA
5
University of Ottawa, Canada
6
Siena College, USA
7
Universidad de Valladolid, Spain
8
Graz University of Technology, Austria
9
The University of Sydney, Australia
10
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Previous results for pivoting squares only considered a restricted set of moves (see left figure), and
required three strong local separation conditions (see
Γ , I and Z in the figure) in order to guarantee reconfigurability. We show that these local separation
conditions are far from being necessary but, as soon
as they are relaxed, the reconfiguration graph breaks
into an exponential number of connected components.

We study the problem of reconfiguring edgeconnected grid configurations of n square pivoting
modules into any other such configuration. The problem has been well studied for sliding squares, but some
configurations of edge-connected pivoting squares can
be rigid (see right-top figure).

Set 1
(restrictive)

Set 2
(leapfrog)

Set 3
(monkey)

Theorem 1 Let Gn be the reconfiguration graph of
edge-connected pivoting squares. If only pattern Γ
is allowed, while patterns I and Z are forbidden, the
number of connected components of Gn that are singletons and the number of connected components of
Gn of exponential size are both exponential, regardless
of the set of pivoting moves used. Furthermore, under sets 1 and 2, the same happens when I is allowed
while Γ and Z are forbidden.

(Γ)

(I)

(Z)

We propose a new reconfiguration approach that
uses at most five extra modules to unlock intermediate locked configurations by means of a “bridging”
procedure that produces cycles in the adjacency graph
of the configuration.
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Theorem 2 Under the monkey-move paradigm, five
extra modules are sufficient and sometimes necessary
to reconfigure any edge-connected configuration with
n squares into a canonical strip following the righthand rule. The algorithm uses O(n2 ) steps, which is
worst-case optimal.
We leave open the question of whether universal
reconfiguration can be accomplished under the more
restrictive set of leapfrog pivoting moves using a constant number of extra modules. Another question is
whether our approach generalizes to three or more dimensions.
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We study the problem of determining minimumlength coordinated motions for two axis-parallel
square robots translating in an obstacle-free plane.
We specify a configuration of the pair of robots
(squares) by the coordinates of their respective centers. A configuration of the two squares is valid if the
squares placed at this configuration are interior disjoint. Formally, our problem is: Given valid start and
goal configurations, find a continuous motion for the
two squares from start to goal, comprising only valid
configurations, such that the total Euclidean distance
traveled by the two squares is minimal among all possible such motions. We remark that during the coordinated motion, one square can stay put while the
other one moves. In fact we will show that the optimal
motion can always be described by a small number of
motion segments in which this is the case.
Surprisingly, despite how natural and relevant the
problem of optimal coordinated robot motion is, it
has not been studied until the recent years. In fact,
to the best of our knowledge the only previous work
on this is recent work by Kirpatrick and Liu [1], where
optimal motions for two discs are studied. That paper
presents a number of tools to prove the optimality of
certain structured motions for two discs.
In this talk we will present an adaptation of these
tools from discs to squares. We will show that in
certain aspects the case of two squares is more complicated, requiring more involved arguments.
The essential difference between two discs and two
squares is that when two discs are in contact, the
distance between their centers is always equal to the
sum of their radii. In contrast, two squares in contact
can have centers at different distances,√that vary from
half of the sum of the side lengths to 2 times that.
The main argument used in [1] is based on Cauchy’s
Area Formula, which states that the length of a closed
convex curve can be computed by an integral of the
support function of the curve on every angle. This

B0

A1

A0

B1

Figure 1: Input. Robot A needs to move from A0 to
A1 , while robot B must go from B0 to B1 .
Aint
B0

A1

A0

B1

Figure 2: Output. An optimal motion moves A from
A0 to Aint , then B from B0 to B1 by sliding in contact
with A, and finally moves A from Aint to A1 .
theorem can be used to characterize optimal motions proving that the support function at every angle
achieves its lower bound, and so the motion will be
length-optimal.
We denote the two moving squares by A and B, the
centers of the squares at the start configuration by A0
and B0 , and at the goal configuration by A1 and B1
(see Fig. 1). Our results are different from those for
disc robots [1] in that we can prove that there always
exists an optimal motion that sequentially moves one
robot at a time.
They are similar in that, when the optimal trajectories of the two robots interfere with each other, there
always exists an optimal motion composed of the following three different steps, illustrated in Fig. 2:
1. Move robot A from its initial position A0 to an
intermediate position Aint .
2. Move robot B from its initial position B0 to its
final position B1 .
3. Move robot A from Aint to its final position A1 .
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the Ramón y Cajal program.
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Route graph construction from GPS trajectory data
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gies. Indeed, point clustering strategies can also be
classified in two types of algorithms, depending on
whether they cluster the points to generate intersections and compute the connecting segments; or they
interpret the set of points as the skeleton image of the
road networks.

Abstract
The increasing popularity of GPS tracking devices
leads to a massive amount of trajectory data generated every day. Analyzing these data helps to understand the mobility of users and provides the basis
of navigation and recommendation systems. This paper presents a new, fast and robust combination of
known methods to extract a graph that represents a
set of trajectories obtained from GPS devices. The
graph will be the abstraction of the main movement
paths hidden in the trajectories. First, we resample and map each trajectory to a regular grid, that
covers the area of study, to build an initial density
surface. Through the well-known Slide tool, trajectories are adjusted by being iteratively aligned to the
density surface. Based on the new trajectory data,
the density surface is recomputed and used to obtain
the route graph with a thinning algorithm and the
Douglas-Peucker simplification method. Some preliminary experimental results on real datasets show
the good behaviour of the proposed framework.
1

Among the latter, Davies et al. [3] obtain the number of paths through each grid cell and compute the
contour of the resulting bitmap. Then, they use the
Voronoi diagram to determine the center line which
is cleaned-up to obtain a directed graph representing
the street map. This method is time-consuming and
ignores paths with low frequency. Shi et al. [7] start
cleaning data to construct the bitmap and then obtain the skeleton. Next, they elaborate the road network using dilatation to fill gaps among road pixels
with a mask, and morphological opening to smooth
the road contours and eliminate noise. Finally, they
extract the graph by combustion using information of
the eight neighbors of a cell. Wei et al. [9] present
a time-consuming algorithm that starts eliminating
noise in data, and then maps each trajectory’s point
into a cell of the grid covering the geographical area.
Finally, the graph is constructed by merging nearby
cells together. Biagioni and Eriksson [2] infer a map
taking into account GPS data with noise and disparity. They use KDE and a gray-scale thinning algorithm with various thresholds to compute several versions of a skeleton map. The last one is represented as
an undirected graph whose edges are finally replaced
with directed edges. It is a time-consuming algorithm
that, in practice, records occasionally transited paths
but looses the infrequent ones.

Introduction

Nowadays, more and more devices (smartphones,
smartwatches, bracelets, etc.) are equipped with
Global Positioning System (GPS) to track moving objects. With the generated trajectory data, many research works from different communities have been
devoted to mine the information in various topics, such as anomaly detection, trajectory clustering
and automatic map construction. In this paper, we
present a three-phase density-based algorithm that
outputs a summary graph of the input data that
records all the paths appearing in the original trajectories. This problem is known as map construction.
A good survey of map construction algorithms can
be found in [1]. Map construction methods can be
organized in three main categories: incremental track
insertion, insertion linking and point clustering strate-

We aim at developing a fast, robust and simple
skeleton-based framework to extract a route graph
based on a large volume of noisy GPS data. The key
idea of the method is bundling the similar original
trajectories aiming at: first, the data noise is reduced
and, second, the trajectories that follow similar but
nonidentical paths are brought together. Note that
the latter has a great relevance when dealing with
outdoor activity GPS data. After applying this step,
we obtain a compact binary mask that allows keeping
the infrequent paths in the final result. The main
novelty of our algorithm is the smart combination
of several well-known techniques to rapidly extract
a schematic route graph recording all the paths in the
original GPS data.
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The method

50

45

The proposed three-phase framework combines four
well-known techniques. To obtain the route graph,
trajectory data is resampled and driven into a grid
to build a density surface. Then, the trajectories are
adjusted according to the density surface based on the
Slide tool to recompute the density surface and make
it more compact. Finally, the route graph is extracted
from the grid via a thinning algorithm followed by
the Douglas-Peucker simplification method. Next, we
present these three main steps in detail.
2.1
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in Figure 2(a), p will be pushed to p0 being closer to
the peak.
Proceeding similarly to the original method, each
interior point pi of the trajectories is iteratively perturbed with a correction vector, cr(pi ) which is defined as a weighted sum of the surface, distance, angle
and momentum vector components with weights wi :
cr(pi ) = w1 sV (pi )+w2 dV (pi )+w3 aV (pi ) + w4 mV (pi ).
According to the Slide implementation, these vectors
are defined by the following formulas, where pi−1 , pi
and pi+1 are three consecutive points of the a trajectory, · is the scalar product and | | is Euclidean norm.

p3

p2

• sV (pi ) = gradientAt (pi ), the density surface
gradient at pi , which drags pi to its closest peak.
(
0,
pi−1 = pi+1
• dV (pi ) =
, where
m1 + m2 , otherwise
m1 = pi−1 − c, m2 = pi+1 − c, c = pi−1 + λu
with u = pi+1 − pi−1 , v = pi − pi−1 and
λ = u · v/u · u. It ensures that pi does not
change too much from its previous position by
maintaining the distance to its neighbors.
(
0,
γ = 0 or δ = 0
• aV (pi ) =
u−v
min {|v|, |u|} , otherwise
δ |u−v|
√
where δ = − 3 u · v and γ is the sum of the
coordinates of u − v. It maximizes the vertex
angles and minimizes curvature.

p1

Figure 1: Mapping a trajectory into the grid.
With all the trajectories mapped into the grid, the
number of trajectories traversing each cell is obtained
to build the density surface. Furthermore, to eliminate noise and artifacts, instead of the commonly
used KDE, we apply the Gaussian blur [4] method on
this initial density surface. After the Gaussian blur,
a smoother density surface is obtained with less time
than applying the KDE filter to each trajectory.
Adjust trajectory data based on Slide

• mV (pi ) is the correction vector used in the previous iteration.

To be able to merge similar parts of different trajectories in a single edge of a graph, we make use of Slide 1 ,
a heuristic method proposed by Paul Mach. Slide uses
a heatmap of GPS data to build the density surface
where high density regions are lower. It makes the
input trajectories fall (or slide) into the surface valleys. In our case, the density surface has high density
regions in the peaks. Hence, we adapt their algorithm
to push the input trajectories to the peaks. As shown
1 Slide:

12

Figure 2: Slide effect (a) on a point and (b) on a set
of trajectories.

To start with, trajectories are resampled, by using
linear interpolation, so that they become defined by
equidistant points. The area occupied by the given
trajectories is covered by a regular grid and each trajectory is mapped into the grid for density computation. As shown in Figure 1, a trajectory from p1 to
p3 with an interior point p2 is mapped into several
consecutive cells; green cells correspond to the points
defining the trajectory and the grey ones to the linesegments joining them.

2.2

20

p

The endpoints of the trajectories are never perturbed. In our case, this is a problem because it results in undesirable sharp changes near the endpoints
of the trajectories. To solve this problem, we add
an auxiliary point nearby the endpoints of each trajectory. These points are perturbed and the whole
trajectory is adjusted and pushed up to the peaks.
Once the process converges, the original endpoints are

https://labs.strava.com/slide/
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deleted from the adjusted trajectories. In Figure 2(b),
a synthetic dataset 2 is represented in black, and the
one adjusted by Slide is in green. Finally, after Slide,
the density surface is recomputed with the adjusted
trajectories proceeding as did in the first step.
2.3

between some neighboring edges, while our method
connects them. In addition, Table 1 gives the complexities of the route graphs and runtimes obtained by
both methods. Accordingly, our framework performs
much better, especially achieving less complex graphs
with less computation time.
In the presented framework, several parameters
have to be set. In all the considered datasets we set
w1 = 0.5, w2 = 0.2, w3 = 0.1, w4 = 0.7 and the standard deviation of Gaussian blur is fixed to 5. In Table 1, we list the two data-dependent parameters. The
smaller these two parameters are, the more details will
be recorded. Moreover, concerning the Gaussian blur
parameter, the more noise the original data has, the
bigger its value has to be set.

Construct route graph

The route graph provides an abstract topological
structure to represent the movement paths. It is computed with a thinning algorithm [6] that obtains the
skeleton from binary images by iteratively removing
several foreground pixels. The density surface obtained by Slide is firstly transformed to a binary image, through global thresholding [4], to be able to further apply the thinning algorithm.
The goal of the thinning algorithm is to obtain a
one-pixel-wide skeleton of the binary image by iteratively removing boundary pixels. The algorithm visits
the central pixels of the image and classifies them as
inner, peak, endpoint or simple pixels according to its
8 neighbors. The simple pixels are removed, see [6]
for further details. The skeleton maintains the connectivity and hence the shape and structure of the
original image.
Once the thinning process is complete, we obtain
an initial graph with a node per foreground pixel and
edge connecting nodes corresponding to adjacent pixels. Then, we apply Douglas-Peucker algorithm [8] to
delete redundant vertices and obtain the final simplified route graph.
3

4

Conclusions and future work

In this work, we have presented a fast, robust and
parallelizable framework to extract a route graph
from GPS trajectory. The framework combines a
density map smoothed by a Gaussian filter to reduce noise; the Slide tool to adjust trajectories to
the higher density zones making the density surface
more compact; and a thinning algorithm followed by a
Douglas-Peucker simplification algorithm to construct
the route graph that records the transited zones.
Overall, we obtain a good schematic representation
of the initial data. Finally, some preliminary tests
have shown that our framework obtains promising results. However, further experimentation and comparison with existent algorithms is needed. Moreover, it
would be interesting to automatically determine the
cell size, the resampling distance and also the standard deviation of the Gaussian blur.

Results

As preliminary experimental results, we compare our
framework with the approach proposed by Karagiorgou and Pfoser [5] (KP algorithm), which has a public implementation. KP is an intersection linking
algorithm that bundles trajectories around intersection nodes. We use three real GPS datasets (see Table 1), called Running 3 , Athens small and Chicago
[1], respectively. All the experiments are conducted
by MATLAB 2018a software running on a Debian
GNU/Linux machine with AMD Ryzen Threadripper
1950X 16-Core Processor and 32 GB RAM. In addition, since all the steps of our framework are easily
parallelizable, they are run in parallel to achieve high
efficiency. For fair comparison with KP, we also run
our framework in a single core.
Figure 3 presents the route graphs of three GPS
datasets built by our framework and KP. By comparison, both methods extract the global main structure
of data. However, as shown in Figures 3(g-i), it is clear
that KP eliminates some details of the graph with infrequent trajectories, resulting in connectivity breaks
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(a) Running dataset

(b) Athens small dataset

(c) Chicago dataset

(d) Our method

(e) Our method

(f) Our method

(g) KP algorithm

(h) KP algorithm

(i) KP algorithm

Figure 3: GPS datasets and route graphs. First row: original datasets. Second row: route graphs obtained with
our framework. Third row: route graphs obtained with KP algorithm.
Table 1: Overview of datasets, parameter setting, graph complexity and runtime (in seconds).
(Used abbreviations: aveL: average length; resDist: resample distance; ceSize: cell size; vNum: vertices number; eNum: edge
number; cluDist: clustering distance; angTol: angle tolerance)
Dataset

Running
Athens small
Chicago

Size

aveL

resDist

ceSize

62
129
889

126
22
133

20
5
5

1
3
3.5

Our framework
Runtime
eNum
(parallel)
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23
148
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17
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139

vNum
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Real-time accurate and robust Simultaneous Localization and Mapping
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Abstract
Simultaneous Localization and Mapping (SLAM)
problem lies in determining the orientation and position of a moving device while a 3D map of the scene is
reconstructed. Monocular SLAM represents a special
case where the system relies only on a single camera
with a single lens. This variant poses challenges like
uncertainty and ambiguity that are difficult to solve
in real-time. This paper introduces KN-SLAM: a
monocular SLAM approach based on Oriented FAST
and Rotated BRIEF (ORB) keypoints that optimizes
the connectivity graph using the nearest neighbors
strategy. We have evaluated KN-SLAM against the
state of the art on 4 different datasets, showing that
KN-SLAM tracks more frames and estimates more accurate trajectories in sequences recorded under natural conditions.
1

Figure 1: KN-SLAM viewer for visual debugging.

Introduction

where only a single-lens low-quality camera is available. With this aim we introduce KN-SLAM, a SLAM
system that follows a sparse indirect approach for
tracking the camera combined with an optimized connectivity graph. Figure 1 shows a screenshot of the
visual debugging of KN-SLAM that depicts the main
components of the system. The sparse approach is
more suitable for working with low-cost lenses since
they introduce photometric artifacts like blur that
make pixel’s intensities more difficult to track.
The rest of the paper is structured as follows: section 2 introduces the state of the art and the main
concepts to understand the problem; section 3 explains our contributions in KN-SLAM focused on the
nearest neighbors; section 4 describes our evaluation
methodology and analyzes our experimental results in
4 datasets; section 5 summarizes our conclusions and
future developments.

SLAM consists of tracking the 6 Degrees of Freedom
(DoF) pose of a camera at the same time that a 3D
map of the scene is reconstructed. This problem can
be tackled with different approaches depending on the
number and type of available sensors. The most challenging case lies in using a single-lens commodity camera whose movement around a static scene effectively
provides a stereo geometry via time-slicing frames.
Its main challenges concern: 1) the uncertainty introduced by a large number of noisy measurements
caused by fast and sudden camera movements, 2) the
scale drift accumulated in long trajectories due to the
purely projective nature of a single camera which only
allows us to estimate coordinates up to scale.
The first problem is addressed by Visual Odometry
(VO), which studies how to track the camera using
only image data. The second one mainly concerns
SLAM, which tackles it by building a connectivity
graph where camera poses are nodes and covisibility
relations between them are represented by edges.
Our goal is to develop an accurate and robust
SLAM system that works with low-cost hardware

2

Background

Monocular SLAM algorithms operating on low-cost
devices emerged with Parallel Tracking and Mapping (PTAM) [5]. PTAM implemented an indirect
approach (i. e., based on keypoints determined from
pixel intensities) that run on a mobile device performing tracking and mapping in separated threads.
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Real-time operation was achieved using a FAST-10
keypoint detector. However, the system was limited
to small scale operation due to the lack of loop closing
and adequate handling of occlusions, low invariance to
viewpoint and automatic bootstrapping.
The main drawbacks of PTAM were solved years
later by ORB-SLAM [6], using also an indirect approach based on ORB keypoints. These keypoints
guided the system through each stage of the pipeline
so the global accuracy heavily relies on the quality
of these keypoints. ORB-SLAM was a SLAM system that combined VO with new procedures to detect
camera relocalization, loop closing and loop optimization. Despite these benefits, it still failed to bootstrap
in challenging conditions and created an excessively
complex connectivity graph with a very high input
degree. Nowadays, it is still the reference in the state
of the art and the implementation we have chosen as
the base for our contributions.
Indirect methods are really inefficient for high quality cameras since keypoints must be computed to
optimize the camera pose. To solve this problem,
Semi-direct Visual Odometry (SVO) [4] proposed a
semi-direct approach, which extracted FAST keypoints only in keyframes, but tracked position between keyframes using pixel’s intensities in a local
window around the keypoint. They reduced the noise
in depth of 3D map point estimation with a Bayesian
filter. The performance of their method was impressive, but the system only worked when the camera
was pointing downwards.
Other indirect approaches performed direct tracking of the camera using a subset of pixels as the whole
set of pixel is intractable in real time. In this sense,
Large Scale Detection (LSD) [3] introduced a semidirect approach that selected only pixels with higher
image gradients. In addition, the generated point
clouds are denser. Three years later, Direct Sparse
Odometry (DSO) [2] improved the method to perform real-time optimization of model parameters by
sampling pixels evenly throughout the images of the
sequences. The main drawback of both approaches
is the need of high quality cameras with high field of
view and global shutter.

Connectivity graph

KeyFrame Queue

Figure 2: Main stages of our SLAM pipeline. Each
frame is received in the tracking thread and shared
between the mapping and loop thread once the ORBSLAM keypoints are extracted.
angulates the position of tracked keypoints to create
new map points. It also maintains the connectivity
graph by updating the edges and culling redundant
keyframes. New map points are fused with existing
points and optimized by a bundle adjustment that
only runs when the mapping thread is idle. The loop
closing thread scans the graph searching for loop candidates. When a candidate is detected, the thread
will compute a transformation between the end and
the beginning of the graph. The difference between
them is corrected by propagating the error along the
trajectory defined by joining the keyframes of the path
of the camera. The visual debugger seen in Figure 1
can run optionally in another thread.
We have improved the implementation proposed by
ORB-SLAM in different stages of the pipeline: bootstrapping, vocabulary loading, map tracking and loop
detection. Due to space limitations we are going to
focus on the simplification of the connectivity graph.
ORB-SLAM links two keyframes if they share at least
15 observations, without limiting the number of edges.
This delivers complex graphs whose optimization requires more computational resources and tends to deliver suboptimal results falling into local minima. Our
analysis of these graphs led us to think in new ways
of simplifying this graph without losing accuracy.

KN-SLAM
3.1

Any SLAM system consists of a pipeline of several
procedures that perform tasks such as tracking, mapping, loop detection or relocalization. Figure 2 represents these stages grouped by the thread in which they
run concurrently, along with the mainshared data
structures.
The tracking thread determines the 6 DoF of the
camera at every frame. A keyframe is a framw that
has low visual overlap with the previous keyframe or
enough time has passed. The mapping thread tri-

K-Nearest Neighbors applied to the connectivity graph

The connectivity graph is an abstract representation
of the keyframes of the trajectory (nodes) and their
covisibility relations (edges). It is a data structure for
searching covisible points, which is updated by the
mapping thread every time a new keyframe is added.
A new keyframe triggers the insertion of a node in the
graph. Connections with other keyframes are updated
based on the number of shared covisible map points.
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Let denote the set of keyframes by K such that
Ki , Kj ∈ K are the i-th and j-th keyframes in the
connectivity graph. The number of shared observations between Ki and Kj is denoted by θij . A map
point viewed from the keyframe Ki is represented by
p. An observation o is a keypoint which is the projection of a map point p over the keyframe K with
o = π(p). The number of keyframes in the graph is
represented by M = |K| and the number of observaPN
tions by N = i,j θij . The Cumulative Distribution
Function (CDF) of the observations shared between
Ki and the rest of Kj ∈ K is given by φi .
The K-NN approach is implemented by bounding
the number of spatial neighbours for each keyframe,
which translates into limiting the output degree of
the connectivity graph. We define to be Maximum
Vertex Degree (MVD) the upper bound of the output
degree for any node. In order to set this constant,
we have experimentally checked that M V D = 20 is
the 90th percentile of the distribution of the number
of neighbours in a uniformly sampled 3D Delaunay
triangulation. On the other hand, we have seen that
having 5 neighbours or few breaks the connectivity of
the graph and hence we have set mvd = 5.
The following algorithm describes the procedure for
updating the links between keyframe Ki and other
keyframe in K, which also determines the output degree deg + (Ki ) of that keyframe.
procedure U pdateConnections(Ki )
θi ← 0, φi ← 0
for each p in Ki do
for each o in p do
j ← KeyF rame(o)
θij ← θij + 1
φi ← φi + θij
∗
θi ← {highest(θij ) | θij > θmin }
θacc ← 0
for each θij in θi∗ do
U pdateConnections(Kj )
if deg + (Ki ) < mvd or
(mvd < deg + (Ki ) < M V D &
θacc < 0.95φi ) then
Connect(Ki , Kj )
θacc ← θacc + θij

Estimated
pose 1
Loop
closure

Real
pose
2

Real
pose
1

Real
pose
5
Estimated
pose 5

Estimated
pose 2
Estimated
path
Real
path

Real
Drift pose
4

Real
pose Estimated
3
pose 3

Estimated
pose 4

Figure 3: The connectivity graph allows the system to
distribute the accumulated error along the estimated
trajectory. This also fix the scale drift and the map
structure to enable long life operation.
than the MVD and the number of shared observations
in the CDF is below 95 % of φi .
Finally, the keyframe Kj with the highest θij is
marked as the parent of Ki . This relation is used
to compute the minimum spanning tree for propagating the accumulated error during graph optimization.
This optimization fixes the accumulated scale drift
when a visual loop is detected, which reduces the error in the estimated trajectory. Thus, both loop detection and loop optimization are procedures with a
great impact in the overall accuracy of the estimated
trajectory. Figure 3 illustrates how the error is propagated on the connectivity graph.
4

Experimental results

We have evaluated our approach in 47 sequences from
4 different datasets that include sequences recorded in
different challenging conditions. These datasets are
commonly used in other evaluations in the literature
as they are publicly available. Many of them were not
created for evaluating monocular SLAM so we have
unified the ground truth to be used as a single benchmark, which is available to the community1 . These
are the main characteristics of the four datasets:
(1) The Technical University of Munich RGBD (TUM RGB-D) dataset contains 18 sequences
recorded with a hand-held Kinect RGB-D camera.
They introduce motion blur generated by the rolling
shutter of the camera, dynamic objects in the scene
and variable camera to object distances.
(2) KITTI Vision Benchmark Suite (KITTI) is composed of 10 sequences recorded by an on-board camera
mounted on a car that records traffic scenes. These
sequences introduces low frame rate, shaking motion
and strong rotations.
(3) The European Robotics Challenges (EuRoC)
dataset contains 11 sequences recorded in a machine
hall and a room with a Micro Aerial Vehicle (MAV).

For each map point p viewed from the camera of
Ki , the algorithm counts the number of observations
shared with each keyframe in K. Then, these counters
θi are sorted in descending order and filtered by those
θij with at least θmin observations. Then, every Kj is
updated following the same procedure. The number
of shared observations θij is added to the CDF of the
current keyframe, which measures the representativeness of the current set of linked keyframes. A new link
between Ki and Kj is created if either the output degree of the keyframe deg + (Ki ) is lower than mvd, or
the output degree of the keyframe deg + (Ki ) is lower

1 http://fradelg.mobivap.es/datasets
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Dataset
TUM RGB-D
KITTI
EuRoC
ICL-NUIM

KN (%)
81.31
97.52
89.90
77.85

ORB (%)
69.61
95.33
86.61
67.68

Gain (%)
-6.00
11.35
8.84
9.27

5

Conclusions and future work

This paper introduces an optimization procedure to
reduce the complexity of the connectivity graph in
SLAM systems taking into account the number of covisible points and an upper bound in the number of
neighbors. This approach allows the system to reduce
the tracking error in long trajectories of sequences
recorded in natural conditions.
We leave as future work a detailed evaluation of the
impact of removing edges in the connectivity graph at
each step of the SLAM pipeline, instead of an end-toend evaluation. Also, we think that a probabilistic
mapping would achieve faster convergence in depth
estimations, which might improve the robustness of
the tracking as the time for triangulating points is
limited by the time for tracking a new frame.

Table 1: Mean PTT by KN-SLAM and ORB-SLAM
and mean percentual difference in the ATE of KNSLAM vs.ORB-SLAM for each dataset.

This vehicle introduces strong rotations, fast movements and shakings. It is a good dataset to evaluate
the relevance of loop closure optimization thanks to
the presence of multiple local loops in the trajectory.
(4) The ICL-NUIM dataset is a synthetically generated dataset that includes 8 sequences simulating a
low-textured environment of an office. Sequences also
have rotations around the optical axis of the camera
and false positive loops.

References

The wide variety of characteristics in these sequences avoids a bias in our evaluation towards a
specific type of sequence. However, we are mainly interested in sequences recorded in natural conditions,
which are free of challenging situations intentionally
created for testing the robustness of SLAM.
Our evaluation considers the two most significant
aspects of a SLAM system: robustness and accuracy. The robustness is evaluated as the number of
frames of the trajectory whose camera pose has been
estimated (see Table 1. In the absence of an agreement about this metric, we have defined the Percentage of Tracked Trajectory (PTT) as the percentage of
the trajectory that the system tracks in a sequence.
The accuracy is measured with the Absolute Trajectory Error (ATE) (see [7]), which is the Root Mean
Squared Error (RMSE) between the keyframes on the
trajectory and the ground truth.
Results in Table 1 show that KN-SLAM outperforms the PTT of ORB-SLAM on average 11 %. Furthermore, KN-SLAM tracks more keyframes in 21 sequences, with 12 of them above 10 % and only one
sequence below 5 %. Table 1 also shows that, in average, KN-SLAM improves the accuracy of ORB-SLAM
in three out of the four datasets. The gain represents
the mean of the difference between the ATE achieved
by both system for each sequence. This is a perceptual difference w. r. t. to the lowest ATE of both systems. Please, refer to [1] for further details. These results highlight that KN-SLAM operates better on the
sequences of EuRoC and KITTI, which are the two
datasets recorded in real-world scenarios under natural conditions. The presence of multiple local loops
along the trajectory in EuRoC helps KN-SLAM to
achieve better accuracy, which remarks the efficacy of
our simplification of the connectivity graph.
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Abstract
An important problem in air traffic management is
the assignment of flight levels to the air routes, so
that there is a suitable vertical separation between
the routes. We model this problem through a spectrum graph coloring problem in which there is a fixed
number of colors (flight levels) that interfere between
each other: the closer the flight levels are, the higher
interference they have. We want to minimize the maximum interference between colors in the graph.
Discussion
In this work we consider the air routes that have both
origin and destination inside Spain. First, we transform the latitude and longitude of the airports’ locations to coordinates in the plane and model those
routes as straight segments on the Mercator projection of Spain; see Figure 1. We collected real airways
data from the web OpenFlights [3] and created an
auxiliary graph G where vertices are the air routes
and there is an edge between two vertices if the corresponding routes intersect.
Our goal is to obtain a vertex coloring for the
graph G, where colors {c1 , . . . , c12 } ⊂ N correspond to
twelve flight levels as suggested by Barnier and Brisset [1], and interferences W (i, j) = |ci1−cj | between
2
colors are considered.
The interference at a vertex v is
P
defined as u∈N (v) W (c(u), c(v)) and we aim to minimize the maximum vertex interference. In order to
do so, we compare the performance of the coloring algorithm TSC-DSATUR [2], a random assignment of
colors, and the extensively used heuristic simulated
annealing (SA). The table shows, for 15000 runs of
Random and 80 runs of SA, the average results and

Figure 1: Airports and intersecting airways on the
Mercator projection of Spain.
confidence intervals at 95%. For SA, each row indicates the number of iterations. We observe that SA
needs more time to beat the maximum interference
achieved by TSC. On the other hand, SA leads to
better results than TSC when allowed to run for a
sufficiently long time.

Random
SA 1k
TSC
SA 3k
SA 5k
SA 25k

Max. interf.
Avg.
CI
29.20 0.03
25.25 0.66
20.77
19.16 0.58
16.32 0.45
12.05 0.34

Avg. |ci − cj |
Avg.
CI
3.97
0
4.86
0.04
5.11
5.57
0.05
5.76
0.05
6.02
0.04

Time
Avg.
6.84
0.04
19.76
32.17
297.45

References
[1] N. Barnier and P. Brisset, Graph coloring for air traffic flow management, Annals of Operations Research,
130 (2004), 163-178.

∗ Email:

alejandra.martinezm@uah.es.
† Email:
david.orden@uah.es.
Supported by projects
MTM2017-83750-P of the Spanish Ministry of Science
(AEI/FEDER, UE) and by UE H2020-MSCA-RISE project
734922-CONNECT.
‡ Email: josem.gimenez@uah.es. Supported by the Spanish Ministry of Economy and Competitiveness grant TIN201680622-P (AEI/FEDER, UE).
§ Email: ivan.marsa@uah.es. Supported by the Spanish Ministry of Economy and Competitiveness grant TIN2016-80622-P
(AEI/FEDER, UE).

[2] D. Orden, J. M. Gimenez-Guzman, I. Marsa-Maestre
and E. de la Hoz, Spectrum graph coloring and applications to WiFi channel assignment, Symmetry,
10(3) (2018).
[3] J. Patokallio, OpenFlights Data. Available at http:
//openflights.org/data.html (2014). (Accessed on
April 5, 2019.)

74

